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Abstract

Considering the relative iterations of entire functions we investigate growth of iter-
ated entire functions of finite iterated order sharing three values IM.

1. Introduction
If f(2) be an entire function, in [7] Kinnunen introduced the notion of iterated order
and iterated lower order as follows.

The iterated ¢ order p;(f) of an entire function f is defined by

pi(f) = EM: mw(iem.

r—00 logr r—oo  logr

Similarly, the iterated i lower order u;(f) of f is defined by
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[i+1] [7]
i) =t M) g TG )

r—00 log r r—00 10g r

(t € N).

Further the finiteness degree of the order of an entire function f is defined by {[2], [7]}
0 if f(z) is a polynomial;
i(f) =< min{k € {1,2,3,...}, pr(f) < oo} if f(2) is transcendental;
00 when pi(f) = oo for all k.

With this definition in 2009, Jin Tu et al., [10] investigated the growth of two composite
entire functions of finite iterated order and achieved some great results.
For two entire functions f(z) and g(z), in [8] Lahiri and Banerjee introduced the idea

of relative iterations of f(z) with respect to g(z) as follows.

hz) = [f(z)
fa(z) = [f(9(2))
f3(z) = [f(9(f(2)) = fa(f(2)) = fi(g2(2))

fa(z2) = fulfai(z) or gn—i(2)

according as k is even or odd) and so are g,(2).

Recently Banerjee and Mondal [1] introduced a new type of iteration, called generalised
iteration which runs as follows.

Let f(z) and g(z) be two entire functions and « € (0,1] be any number. Then the

generalised iteration of f(z) with respect to g(z) is defined as follows.

fig(2) = (1 —a)gos(z) +af(gor(z)), where goy(z) ==z
fag(2) = (1=a)g1r(2) +af(g1,r(2))
f3g(2) = (1—=a)gar(z)+af(ger(z))

frg(z) = (1= a)gn-17(2) + af(gn-15(2))

and g, f(z) are defined similarly.
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If f and g be two non-constant meromorphic functions and a be a finite value, we say
f and g share the value a CM (counting multiplicities) or IM (ignoring multipltcities)
provided f —a and g —a have the same zeros with same multiplicities or same zeros
ignoring multiplicities and f, g share oo CM or IM provided that % and é share 0 CM
or IM.

In 1979, Gundersen [5] proved that if f and g share three values IM then

ST 0)(1+ 0(1)) < T(r, f) < 3T(r,g)(1 +0(1)) as 7 — oo (r ¢ B).

Brosch [3] improved the result by proving that if f and g share three values CM then
3 8
gL g)1+01)) <T(r, f) < JT(r,9)(1 +0(1)) as 7 — o0 (r ¢ E).

It is clear that if f and g share three values (IM or CM) then their orders are same. In
this paper we study growth of iterated entire functions of finite iterated orders sharing
three values IM.

We use the standard notations and definitions of Nevanlinna’s theory available in [6].
Also we mean that f(z) and g(z) are entire functions having finite iterated order if
pp(f) < 00, pq(g) < oo and positive iterated lower order if i, (f) > 0, pg(g) > 0 for some
p,q € N.

2. Known Lemmas

The following lemmas will be needed in the sequel.

Lemma 2.1 [9] : Let f(z) and g(z) be entire functions. If M(r,g) > 2t |¢(0)| for any
e > 0, then

T(r, f(9)) < (L +e)T(M(r,9), f)-
Lemma 2.2 [4] : Let f(z) and g(z) be entire functions with g(0) = 0. Let « satisfy
0<a<1and let C(a):%.Thenforr>0

M(r, f(g)) =2 M(C(a)M(ar,g), f)-

Further if ¢(z) is any entire function, then with o = %, for sufficiently large r

M, 1(9)) 2 MGM(S,9) = lg(O)], ).

Clearly, M(r, f(g)) = M(5M(5.9), f).
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Lemma 2.3 [6] : Let f(z) and g(z) be transcendental entire functions. Then

M — 0 as r — oo.
T(r,9(f))
So it can be easily seen that % — 0 as r — oo.

Lemma 2.4 [6] : If f be an entire function, then for all large r

T(r, f) <log M(r, f) < 3T(2r, f).

3. Main results

Our main results are the following theorems.

Theorem 3.1 : Let f(z) and g(z) be entire functions of finite iterated order and positive
iterated lower order with i(f) # i(g). If fx(z) and gx(z), k (> 2) share three values IM,
then for any n (> k)

(I pmp(fn) = pmp(gn)7 if n = mk;

(1) prmptitgq) (fn) = Prmpri(ry) (9n) = Pitgy)(9a) — Pics,)(fq), if n = mk + ¢ and mk is odd

and prypi(r,) (fn) = Pmptiteq) (9n) = Pi(s) (fa) = Pitgg)(9q)s i m = mk + g and mk
is even, where p = i(f;) and m, ¢ (1 < ¢ <mn) € N.

Proof : Since fi(z) and gi(z) share three values IM, we have
S (L o()T(r, 1) < T(r, f) < 3(1+ o())T(r, g0
So there exists p € N such that
pp(9r) < pp(fr) < ppgr) < oo

po(fr) = Pp(gr)- (3.1)

Also we have for given € (> 0) and for sufficiently large r
T(r, fi) < explP— 1l {rpp(fk)JFE}’M(r’ fi) < exp[p]{rpp(fk)%}. (3.2)

(I) Suppose n = mk. Then we have the following cases.
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Case (i) : Let k be even. For sufficiently large r, we have by using Lemma 2.1 and
(3.2)

T(T, fTL) < 2T(M(T7 f(m—l)k)7 fk)

IN

2 explP{ (pp(fx) + €) log M (7, fim—1))}

IN

expl?! [log {expll (M (r, f(m—a)1))» /) +2¢)]

IN

explm=DPI(p,,(fi) + 22) log{ M (r, f1.)}]

IN

exp[mp] {log(rpp(fk)+25)}. (33)
Therefore, for all large r

log!™ T(r, f,)
logr

< pplfi) + 22 (3.4)

On the other hand, we have

— loglPt
ot M (r, /i)

r—oo log r

= Pp(fk)-

Since pp(fx) > 0, there exists a sequence {r;} tending to infinity such that for given e

(0 < e < pp(fx)) and for sufficiently large r;, we have

M(Tla fk) > eXp[p]{Tlpp(fk)—a}.



138 DIBYENDU BANERJEE & BISWAJIT MANDAL

So for sufficiently large r;, we have by using Lemma 2.2 and Lemma 2.4

1 1 r
T(ry, fn) = 3 log M(§M(2*é7 fim=1)k)s fr)
1 1

r _
§log{exp[p]@M(;é,f(m—1)k))“”(f’“) °}

expPH (1) — 22 1og MG M(SE, fom-ap0). )}

T _
2%, Fim—ayp) P2y

exp { (1 (fi) = 2) log M (5., fm-20)}

v

explP! [log {explP (M (

v

Y

v

expl ™ P (1 (1) — 22) log M (5 fi)}

_ r e
expl™ I () — 2¢) log{expl! ()=}
expl™P {log(ry)Pr () =2},

Y

Y

Therefore for a sequence {r;} tending to infinity

log!™ (7, f,)
log r;

> pp(fr) — 2e.
From (3.4) and (3.7), we get

pmp(fn) = pp(fi)-
Similarly,

Pmp(9n) = Pp(gr)
From (3.1), (3.8) and (3.9), we have

Pmp(fn) = Pmp(gn)‘

Case (ii) : Let k be odd. For sufficiently large r, we have by using Lemma 2.1 and

(3.2)

T(r, fn)

IN

2expP{(pp(fr) + €) log M(r, gm-1)e)}

2 exp?{(p,(fi) + ) log M (r, 9k (fom—2)k))}
exp®{(pp(gr) + 2€) log M(r, fm—2)x) }
expPH{ (pp(fr) + 2¢) log M (7, gm—3)k) }
exp{ (pp(g1) + 2) log M (7, fm—ay) }-

ININ A

IA
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Now if m be odd, for sufficiently large values of r

A

and if m be even
T(r,fn) < expl™ VP (p,(f1) + 2¢)log M (r, gi)}
S exp[mp]{10g(fr‘pp(gk:)+2€)}‘

Therefore for large r

139
T(r.fa) < expl ™ P{(py(gi) +2¢) log M(r, fi)}
expl™P {log(rPr(fr)+2e))
(3.10)
(3.11)

w < [ polfk) +2e, ifmis odd,
logr ~ | pplgr) +2¢, if m is even.

For the reverse inequality to obtain similar relation as in (3.6), in this case also there

exists a sequence {r;} tending to infinity for which

!

1 1 B
T(Tl)fn) > glog{exp[p](*M(?7g(mil)k))ﬂp(fk) 5}

9

T

> expH{(p(fir) — 22) log M (5. gm-1y0)}
T

> expl {(sp(gr) — 22)10g M (53, Fn-2)}
T

> expl ™ {(up(fr) — 26) log M (57, 921 }-

Now if m be odd, for a sequence {r;} tending to infinity

T(T‘l, fn) >
>

and if m be even

i T
expl D7 (1 (gr) — 22) log M (2%, fi)}
eXp[mp] {log(r’ol)pp(fk)_28}

T(rhfn) > exp[(m_l)p]{(/'tp(fk) - 26) IOgM(%agk)}
(3.12)
2 exp[mp}{log(rl)pp(gk)_zg}‘
Therefore for a sequence {r;} tending to infinity, we have
[mp] _ : :
log"™ T (ry, fr) > pp(fr) — 2¢, '1fm.1s odd, (3.13)
log 7y pp(gr) — 2e, if m is even.
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From (3.11) and (3.13), we get

| pp(fr), ifmisodd,
pmp(fn) = { pp(gr), if m is even. (3.14)

By similar reasoning as above, we have

| pplgr), ifmisodd,
pmp(9n) = { pp(fr), if m is even. (3.15)

From (3.1), (3.14) and (3.15), we have for any m
pmp(fn) = pmp(gn)‘

(IT) Suppose n = mk + q. Then also the following cases arise.
Case (i) : Let mk be odd. Then m and k both are odd. Proceeding similarly as in

case (ii) of (I), for sufficiently large r, we have

T(r, fn) < exp*?{(pp(gr) + 26)log M (7, fim—1)itq)}

IN

IN

explU" VP (p, (g1) + 2¢) log (M (1, fi1q))}

expl ™V (py (gi) + 2¢) log (M (M(r.g,). fi))}
exp! ™ (pp(f1) + 2¢) log M (r, o)}
exp™[(pp(fi) + 2¢) log{expl!l90) (10 (90 2)

explmP+i(9a)] {log(r pl(gq>(gq)+2€)}.

IN A IA

IN

Therefore for large r

10g[mp+z 9q)] T(r, fn)
log r

< Pi(ge)(9q) + 2¢ (3.16)

For the reverse inequality as in case (ii) of (I), since p,(fx) > 0 and pp,(gr) > 0, in this

case also there exists a sequence {r;} tending to infinity for which

T(r, f) = expBP{(pp(fi) — 2¢) 10gM<247g(m 3)k+q) }

v

expl(m= )p][(up(gk)—%)logM( — fira)
exp"™{ (j1p(fr) — 2¢) logM(zmH,gq)}

] ) —c
expl"[(j1p(fi) — 2¢) log{expl o) (o oy )iton ()75}

explmP+i(9s)] {10g(rl)m(gq)(9q)—25}.

(VALY

AV
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Therefore, for a sequence {r;} tending to infinity, we have

oz > Pi(gy)(9q) — 2¢ (3.17)
From (3.16) and (3.17), we get
Prp+igq) (fn) = Pi(g) (9q) (3.18)
By similar reasoning as above, we have
Pmp+i(f,)(9n) = Pi(s,) (fg)- (3.19)

From (3.18) and (3.19), we have

Prpti(ge) (fn) = Pmpricr,) (n) = Pitgy)(90) — i) (fa)-

Case (ii) : Let mk be even. Then two subcases may arise.
Subcase (a). Let k be even. Using similar reasoning as in case (i) of (I), for sufficiently

large 7, we have instead of (3.3)

expl™=YPIL (o (£) 4 2¢) log M (7, friq)}
exp™{ (o, (fi) + 2¢) log M (r, f,)}
exp™[(p,(fr) + 2¢) log{expl'a)] (P Ua )y
explmPHia)l flog (Pitra) o) +22)y

T(r, fn)

IN A A

IN

Therefore for large r

1Og[mp+i(fq)} T(r, fr)
logr

< pi(s,)([fq) + 2e. (3.20)

For the reverse inequality, in this case also there exists a sequence {r;} tending to infinity

for which instead of (3.5) we have

T(Tlv fn)

v

expl ™ P (1 () — 22) log M (555, fier)}
expl™ {1y (i) = 2¢) log M (57, fo))

.
expl"[(j1p(fi) — 2¢) log{expl V) (o) rtrm o) =2y

expl™ el flog (r))Pitse ) =261

(AVARNY]

AV
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Therefore, for a sequence {r;} tending to infinity, we have

10g[mp+7'(f11)] T(rl’ fn)

oz 7 > picf,)(fq) — 2e. (3.21)
From (3.20) and (3.21), we get
Pmp+i(f,) (fn) = pis,) (fa)- (3.22)
By similar reasoning as above, we have
Propi(ge) (In) = Pi(g,)(9a)- (3.23)

From (3.22) and (3.23), we have

Prmp+i(f) (n) = Pmptitgy) (9n) = Pics) (fa) = Pitgy)(9a)-

Subcase (b). Let k be odd. Using similar reasoning as in case (ii) of (I), for sufficiently

large r instead of (3.10), we have

T(r, fn)

IN

expl™ VP (o, (i) + 2¢) log M (7, grsq) }
eXP[mp]{(Pp(gk) + 2¢) log M (r, f4)}

eXp[mp] [(pp(gr) + 2¢) log{exp[i(fq)](Tpi(fq)(fq)+5)}]
exp[mp"_i(fq)]{log(?npi(fq)(fq)+2€>}.

IN A

IN

Therefore for large r

loglmptilfa)] T(r, fn)
log r

< piigy(fy) + 2. (3.24)

For the reverse inequality using similar reasoning as in case (ii) of (I), there exists a

sequence {r;} tending to infinity for which instead of (3.12), we have

i, fu) 2 el P {(up(fi) — 26)log M5 9110))

> exp™ I (1y(gr) — 2¢)log M (G fo)}

> explmptilfa)l {log(r)) it/ (fq)—25}'

Therefore, for a sequence {r;} tending to infinity, we have

log 7y

> pi(s,)([fq) — 2e. (3.25)
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From (3.24) and (3.25), we have

Prmp+i(f) (fn) = Pics) (fa)- (3.26)

By similar reasoning as above, we have

pmeri(gq)(gn) = Pi(gq)(gq)- (327)

From (3.26) and (3.27), we have

Prp+i(f) (Fn) = Pmprige) (Gn) = Picr) (fa) = Pitgq) (9a)-

Example 3.1 : Let f(2) = e* and g(z) = 22. Then i(f) =1 # 0 = i(g) and i(f3) = 2.
Here f3(z) and g3(2) do not share three values and pa;(1,)(f6) # P2i(gs)(96)-
Theorem 3.2 : Let f(z) and g(z) be entire functions of finite iterated order and positive

iterated lower order with i(f) # i(g). If fiy 4(2) and gi r(2), k (> 2) share three values
IM, then for any n (> k)

ey plntn-i, (n—;)—kq+s(fn,g) = Puwinck o vk (gn), i 0=k is odd;
and (II) p"T_’“(P+Q)+8(f"’9) = p"T"C(p+q)+S(g”’f)’ if n — k is even,
where p =i(f), ¢ = i(g) and s = i(fk ).

Proof : Since fi 4(2) and g, s(2) share three values IM, as in (3.1), we have

Ps(fr.g) = ps(gk,f), (3.28)

for some s € N.

Also we have for given € (> 0) and for sufficiently large r

T(7, frg) < exp[s—ll {rpS(fk,g)'i'E}’ M(r, frg) < exp[s}{rrPS(fk,g)"‘E}' (3.29)
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Using Lemma (2.1), Lemma (2.3) and (3.29) for sufficiently large r, we have

T(r, fng) < T(rign-1,) +T(r, f(gn-1,)) +0O(1)

B , T(T’, gnfl»f) O(l)
= T( 7f(gn—1,f))[1 + T(?“, f(gn—l,f)) T('f', f(gn—l,f))

(L+o(W)T(M(r, gn-1,£), f)

exp{(pp(f) + 2¢) log M (r, gn—1,1)}

expl”[(p, () + 2¢){log M (7, fu—2,) +log M (r,g(fa—2,4)) + O(1)}]
expP{(pp(f) + 22)(1 + 0(1)) log M(M(r, fu2,4),9)}

expP {(pg(g) + 22) log M (r, fu—2,4)}

expP U (p,(f) + 2¢) log M (r, g —37)}

expP2U{ (py(g) + 2¢) log M (r, fr-s,4)}- (3.30)

IN AN IN IA I IA

IN

Now two cases may arise.
Case (i) : When (n — k) is odd. Using (3.29), for sufficiently large r, we have from
(3.30)

[(n+;)7kp+ (nfé)fk

T(r, fn,g)

IA

exp U (pp(f) + 22) log M (r, g, 1)}
(n+1)—k D—k

exp[ 2 P+(n72 Q][1Og{exp[8](rﬂs(gk,f)—&-%)}]

[(nJr;)*kp-i- (nfé)fk q+s] {log(rps(gk’f)JrQa)}.

IA

IN

exp

Therefore for large r

(D)4 (n=)=k

log! IT(r, fag)
P < 2e. 3.31
g7 < ps(gr.f) +2¢ (3.31)
On the otherhand, since i(gy s) = s, we have
loghttU M(r, gy
lim sup ] r 9is) _ Ps(r,f)-
r—o00 ogr

Since ps(gr,f) > 0, there exists a sequence {r;} tending to infinity such that for given e

(0 <& < ps(gr,f)) we have

M(ri, gr,r) = expl®! {rlf’s(gk,f)fs}_
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So using Lemma 2.2, Lemma 2.3 and Lemma 2.4, we have for sufficiently large r;

v

T(rb fn,g) T(Tla f(gn—l,f)) - T(rla gn—l,f) + O(l)
1+ o(W)T(re, f(gn-1,5))

%(1 + o(1)) log M(%, f(gn-1,1))

%(1 +o(1)) 1ogM(%M(;%,gn—1,f% f)
expl” log{M (5. 91,1}~

PP {1y (f) — 2)(1 + 0(1)) log M (1%, 9(fu-2)}

expP () — 22)(1 + 0(1)) ogexpld (5 M(SE, fu-20))/"19 =7}
expPt4{ (11,(g) — 2¢) log M(;—é, fa-2.9)}

explP U (11, (f) — 2€) log M(%, n-3.1)}

exp[2p+2q]{(uq(g) — 2¢)log ]\4(;%7 Tn—1g)} (3.32)

AV AV, I AV VA |

v

(n+1)— k (n 1)
2

3 q]{( ()_25)logM(2n k+1,gkf)}

(n+1)—k (n—1)—k e
[t Q][(,up(f)—QE 10g{exp[](_7k+)ps(gk,f) 1

P+ (n*;)*qurs]{log(rl)PS(gk;f 726}.

v

expl

v

exp

(n+1)—k
2

expl

v

Therefore for a sequence {r;} tending to infinity

(kD) k 4 (n=1)=k

log[ a+s] T(Th fn,g)

> — 2¢. 3.33
Tog T > ps(gh.f) — 2 (3.33)
From (3.31) and (3.33), we get
posnn,, vk (fag) = Ps(ghs). (3.34)
By similar reasoning as above, we have
peneniy vk (Gng) = Ps(frg). (3.35)

From (3.28), (3.34) and (3.35), we have

(gn,f)'

Pl by, <"_;>_kq+s(f”’g) I e
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Case (ii) : When n — k is even. For sufficiently large r, we have from (3.30)

T(r, fag) < expl™= P*01(p,(g) + 22) log M(r, fig)}
< explzT = (pta)] [log{exp (TPS(fk,g)+25)}]
< explT (p+q)+3]{log(r95(fk o) +2e)Y,

Therefore, for large r

log“3" M0+ (v, £,)
log r

< po(fig) + 26. (3.36)

For reverse inequality, to obtain similar relation as in (3.33), there also exists a sequence

{r:} tending to infinity such that from (3.32)

Tl
T(r fug) > esplT P50 (uglg) — 26) log M (oo i)}
n—k s 7“[ s _
> expls PT[(1(g) — 2¢) log{exp| ](W)p (o)1)
> explz ® (pta)+s] {log(r;)PsFre) =221
Therefore for a sequence {r;} tending to infinity

logl™z" " (p+a)+s] T(r, fag)

> ps — 2e. 3.37
From (3.36) and (3.37), we get
pank(P-l-q)-i-s(fn,g) = ps(fr,g)- (3.38)
By similar reasoning as above, we have
Pzt (i qyrs(In.p) = Ps(h.f)- (3.39)

From (3.28), (3.38) and (3.39), we have

Prct(prg)+s(Ing) = Pot gy s (9n.p).

Note 3.1 : It is clear from Theorem 3.2 that when (n — k) is odd, i(fn,g) ~ i(gn,f) =
i(f) ~i(g); where as when (n — k) is even, i(fn,g) = i(gn,f)-
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