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Abstract
In this paper, we pay our attention to the uniqueness of more generalised form of a

function namely f"P(f) and [f"P( f)](k) sharing a small function. The Theorems
improves the results of C. K. Basu and T. Lowha [1].

1. Introduction and Main Results

In this article, a meromorphic function will mean meromorphic in the whole complex
plane. We shall use the standard notations in the Nevanlinna value distribution theory
of meromorphic functions such as T'(r, f), N(r, f), N(r, f), m(r, f), (see [5,8]). The
notation S(r, f) is defined to be any quantity satisfying S(r, f) = o(T'(r, f)) as r — oo
outside of a possible exceptional set of finite linear measure. A meromorphic function

a(z) is called a small function with respect to f(z), provided that T'(r,a) = S(r, f).
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Let f and g be two non-constant meromorphic functions. Let a be a finite complex
number. We denote by E(a, f) the set of zeros of f — a (counting multiplicity), by
E(a, f) the set of zeros of f — a (ignoring multiplicity). We say f and g share a CM
(IM), if E(a, f) = E(a,g) (E(a, f) = E(a,g)). Similarly, we define that f and g share
a small function a(z) CM (IM), if E(a(z), f) = E(a(z),9) (E(a(2), f) = E(a(z),g)).
Moreover, GC'D(n1,na, ...,ni) denotes the greatest common divisor of positive integers
N1y N2y eeey M.

Definition 1.1 (see[7]) : We denote by Ey(a, f) the set of zeros of f — a with multi-
plicities at most k, where each zero is counted according to its multiplicity. We denote
by Ek)(a, f) the set of zeros of f — a with multiplicities at most k, where each zero is

counted only once. In addition, we denote by Ny, (7“, ﬁ) (Wk) (r, ﬁ)) the count-

ing function with respect to the set Ej(a, f) (Ek) (a, f)). We denote by N (r, ﬁ)

the counting function of a-points of f (counted with proper multiplicities) whose mul-

1
—a

tiplicities are not less than k, we denote by N(k <r, f—> the corresponding reduced

counting function (ignoring multiplicity). Set

Ny, <T’fia> :N<r,fia> +N(2 (r’fia> —|—...—|—W(k <r’fia>'

For any constant a, we define
N(r, +=) N(r, )
. ' f—a . ' f—a
O(a, f) =1—limsup ————, d(a, f) =1 —limsup ————
B T I e Ty
We also use the notation ©(a; f, g) and §(a; f, g), where ©(a; f,g) = min{O(a, f),O(a, g)}
and d(a; f,g) = min{d(a, f),5(a, 9)}.

Let a be any value in the extended complex plane. Let k& be an arbitrary non negative

integer. We define

Wk) (7’, fla)
=1-1 _ 1.1
Or)(a, f) msup — o (1.1)
Definition 1.2 (see[3]) : Suppose f(z),g(z) satisfy E(a, f) = E(a,g). Let z be a

common 1-point of f(z) and g(z) with the multiplicity r and q. We denote by N (r, ﬁ)
the reduced counting function of those 1-points of f(z) and g(z) where r > g¢; Ng (r, ﬁ)
the reduced counting function of those 1-points of f(z) and g(z) where r = ¢ > 2. In

addition, we denote N ;J) (r, ﬁ)(N ;3) (r, g%l)) the counting function of those common

simple 1-points of f(z) and g(z).
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Definition 1.3 (see[3]) : Let f and g be two non-constant entire functions. We
denote by Ny(r, %) the counting function of those zeros of f’ which are not the zeros of
f(f = 1), by No(r, %) the corresponding reduced counting functions. Similarly, we can
define Ny(r, i) and No(r, i)

Remark 1.1 : From (1.1) we have

0< 6(a7f) < ®k)(a>f) < G)k—l)(a7f) < @1)(a>f) <L

In 1998, Q. C. Zhang [11] proved the following theorem about a meromorphic function
and its k-th order derivative.

Theorem A : Let f be a non-constant meromorphic function and let k& be a positive
integer. Suppose that f and f*) share 1CM and 2N(r,f) + N <r, %) + N <r, ﬁ) <
(A +0(1)) T(r, f®)) for r € I, where I is a set of infinite linear measure and \ satisfies

0 < A <1 then f;fizl = ¢ for some constant ¢ € C — {0}.

In 2003, Kit-wing [10] discussed the problem of a meromorphic function and its k-th
derivative sharing one small function and proved the following result.

Theorem B : Let k > 1. Let f be a non-constant non-entire meromorphic function,
a € s(f) and a(# 0,00) and f do not have any common pole. If £, f(¥) share a CM and
46(0, f) + 2(8 + k)O(o0, f) > 19 + 2k, then f = f),

Two years later, in 2005, Q.C.Zhang [12] proved the following theorem.

Theorem C : Let f be a non-constant meromorphic function and k(> 1),l(> 0) be
integers. Also let a = a(z)(# 0,00) be a meromorphic function such that 7'(r,a) =
S(r, f). Suppose thst f —a and f*) — a share (0,1). If I > 2 and (3 + k)O(oo, f) +
20041(0,f) >k+4or, Ifl =1 and (44 k)O(o0, f) + 3024x(0, f) > k+ 6, or, if | =0,
ie., f—aand f*) — q share the value 0 IM and (6 4 k)©(co, ) + 5024 (0, f) > 2k + 10
then f = f®.

In 2010, A.Chen, X.Wang and G.Zhang [2] proved the following results.

Theorem D : Let K (> 1), n(> 1) be integers and f be a non-constant meromorphic
function. Also let a(z)(# 0,00) be a small function with respect to f. If f and [f"]*)
share a(z) IM and

4N (r, f)+2N | r, ! - | +2N <7“, (fnl)(k)>+N (r ) < (Mo(1)T (r, (f”)(k)> ,
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or, if f and (f™)*) share a(z) CM and

2N (r, f)+N | r, fl +No (r, (fnl)(k)> < (A+o(1))T (r, (f")(k)) ,for 0 < A <1,
f—a
(fm® —a

where r € I and [ is a set of infinite linear measure, then = ¢, for some

constant ¢ € C — {0}.

Theorem E : Let K (> 1), n(> 1) be integers and let f be a non-constant meromorphic
function . Also

let a(z)(# 0,00) be a small function with respect to f. If f and (f™)*) share a(z) IM

and
(2k46)O (00, f)+30(0, f)+20542(0, f) > 2k+10 or , if, f and (f™)*) share a(z) CM and

(k+3)O(00, f)+62(0, f)+0k+2(0, f) > k+4

then f = (f™)).

Recently, in 2014, C. K. Basu And T. Lowha [1] proved the following results.
Theorem F : Let k, m and n are three positive integers with m < n and let f be a
non-constant meromorphic function . Also let a(z)(# 0,00) be a small function with
respect to f. If FZ) (a, fm(z)):El) (a, (f")(k)>, where [ is a positive integer and

N (r f) + 2N, ( }) 2N, ( (fl)(k)> N ( (fl)(k)) < (A+ O(W)T(r, (1)),

(fM™ —a

for 0 < A < 1, where r € I and [ is a set of infinite linear measure, then W =c
for some constant a € C — {0} where C is the set of complex numbers.
Theorem G : Let f be a non-constant meromorphic function and let k and n be two
positive integers. If El) (a, f):El) (a, (f”)(k)), where [ is a positive integer and a(z)(#
0,00) be a small function of f and (2k + 6)©(co, f) + (0, f) +202(0, f)+20x+2(0, f)
> 2k + 10 then f = (f*)®.

In this paper, we pay our attention to the uniqueness of more generalized form of a
function namely f"P(f) and [f"P(f )](k) sharing a small function.

Theorem 1 : Let k, m and n are three positive integers with £ < m and f be a non-

constant meromorphic function. Also let a(z)(# 0,00) be a small function with respect
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to f. If By (a, ["P(f))=E) (a, (f”P(f))(k)>, where [ is a positive integer and

6N (r. ) + 22 (1 7y ) + 232 (1 etpe ) + N (et )

< A+ o(W)T (r, (f*P(f))W)

for 0 < A < 1, where r € Tand [is a set of infinite linear measure , then =
¢ for some constant a € C — {0} where C is the set of complex numbers.

Theorem 2 : Let f be a non-constant meromorphic function and let k£ and n be two pos-
itive integers. If El) (a, f"P(f)):El) (a, (f"P(f))(k)) , where [ is a positive integer and
a(z)(# 0,00) be a small function of f and (3k+6)O (o0, f)+(3k+9)O(0, f)+5md(0, f) >
6k + 15+ 4m —n then fPP(f) = (f*P(f))®.

2. Some Lemmas

Here we mention some existing lemmas of the literature which will be frequently used
to prove the aforementioned theorems.

Lemma 2.1 (see [9]) : Let f(z) be a non-constant meromorphic function and k, p be
two positive integers. Then

N, (r, f(lk)> < Ny (r, }) kKNG, f) + S, f).

Lemma 2.2 (see [5]) : Let f be a non-constant meromorphic function and let n be a
positive integer. P(f) = anf™ + an_1f" ' + ...+ arf
where a; is a meromorphic function such that T'(r, a;)=S(r, f) (i=1,2,...,n). Then

T (r,P(f)) = nT(r, f) + S(r f).

3. Proof of the Theorems
Proof of Theorem 1 : Let F' = %(f) and G = w.

_ P —a g UPEDY —a
a a

Now, Ey) (a, f"P(f))=Ey (a, (f”P(f))(k)> except the zeros and poles of a(z). Define,

F// 2F/ G// QG/
HZ(F/_F—1>_<G'_G—1>’

We now consider two cases:

Therefore, F' — 1
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Case 1 : Suppose H # 0. Then m(r, H) = s(r, f). Now if 2z is a common simple zero
of F —1 and G — 1 (except the zeros and poles of a(z)), then after simple calculation ,

we get H(zp) = 0. So,

Ny ( o 1) < N(ry 55) + () < 70 H) + 50.1) < NG H) + (5, )

Again by analysis, we can deduce that,

Therefore,

N (rgh) <N )+ N (1) + N (n é) + 2N (r ) + 2N (gt

_ _ 1 _ 1 - N
+N% (r by ) + 2N, <r,G—1> + N, (T’F—l) +No (r, ) + No (r, ) + 5, f)

(3.1)
Since, By (1,F) = Ejy (1,G) . Therefore,
— 1 — 1 —(2 1 — 1
2Ny, <’I",G_1> + 2N, <T’G—1> + Npg <’I“,G_1> <2Ng <T,G_1>
From (3.1), we have,
N (rgh) N0 f) + N (r4) + N (7“, ) 1N, <r, L ) +2N, (r )
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We also have ,

— 1 — 1 — 1 — 1 — 1
- * ) ) S ) .
No (r,F>+2NL<7“,F_1>+N <’r F_1>+N0<r F’) 2N<7“ F’) (3.3)

Now by the second fundamental theorem we get,

TG < NG + N <’r, é) LN <7«, G1_1> _ N, (n G1> FSG)  (34)
From (3.4) using (3.2) and (3.3) we get,
T(r,G) < 2N(r, f) + 2N <7~, ;) +oN (n é) LN <r, é) LSO ) (35)

By Lemma (2.1) we have,

T@mﬁpunw)S6N0wﬁ+ﬂw<“fﬁ%ﬂ>*”%<“uwé;ww>

— 1
+NQ%#PUWM>*““”

which contradicts the given conditions of the theorem.

Case II : Suppose H(z) =0 i.e., %’ — ;fj’l = %l,l — é—gll Integrating we get,

log F' — 2log(F —1) = log G’ — 2log(G — 1) + log A. Where A is a constant # 0.
F | AG
=1lo .
(F—1p2  *G-1p
Again integrating we get,

That is, log

1 A
F-1 G-1

+B (3.6)

Now if zp is a pole of f with multiplicity p which is not the poles and the zeros of a(z),
then zj is the pole of F' with multiplicity (n + m)p and the pole of G with multiplicity
(n+m)p+k (# (n+m)p). This contradicts (3.6). This implies f has no pole , that is
f is an entire function.

So, N(r, F) = S(r, f) and N(r,G) = S(r, f). Now we prove that B = 0.

(e )
We first assume that B # 0, then = .

F—-1 G-1

_ 1 —
Therefore, N | r, — 4| = N(r,F)=8(r, f)
G—-1+ B
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A
Now we assume B # 1.

By the Second fundamental theorem,

_ — 1 — 1
T(T',G) SN(T’,G)+N(T,G> +N(T7G_1_|_g> +S(7’,G)

<N <r, é) + S(r, f)
<T(r,G)+S(r,f)

Hence , T(r,G) = N <7“, (1;) +8(r, f) ie., T (r, (fnp(f))(k)) =N (r, (fnp(lf))(k)> +
S(r, f)

This contradicts the given condition of the theorem.

Next, we assume g = 1. Then, (AF —A—-1)G=—-1.
a’ __re())®

SO TP (AFP() —Aa—A) _ fP(f)
Now by lemma (2.1) and (2.2), we get,

1 _
< (7 ) VD) + S0 )

< kN <r, }) +mN <r, }) + S(r, f)

ie, 2n+m—k)T(r, f) = S(r, f). Which is impossible since m > k.

G-1
Hence our assumption is not true and therefore B = 0. So, i A.
This proves the theorem.

[Py PE)W
a(z) a(z) ’
E) (a, f*P(f))=Ey (a, (f”P(f))(k)> implies, Ey) (1, F)=E;) (1, G), except the zeros and
poles of a(z).
We define,

Proof of Theorem 2 : Let F =

F// 2F/ G// QG/
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Now we consider two cases:

Case I : Suppose H # 0,

Then (3.5) of the proof in theorem 1 still holds. Writing (3.5) for the function F', we
get,

1 — 1
2N ( (f”P(f))> TN )N <fnP<f>><k>> 5 )
< 3k +6)N(r, f) + (3k + 9N <r, ;) + 5mN (r, }) + S0 f)

ie., (3k +6)O(o0, f) + (3k+9)0(0, f) +5md(0, f) < 6k + 4m + 15 — n.

This contradicts the given condition of the theorem.

Case II : Suppose H = 0.
S 1 A
(0] =
"F-1 G-1
the proof of the

+ B, where A # 0, B are constants. By the same argument of

theorem 1, we get,

N(r,F) = S(r, f) and N(r,G) = S(r, f).

So, (o0, f) = 1.
1
Assume that, B # 0, the B<F_1_B>— A
Hme Tk R 7 R S |
_ 1 _
So, N|r——— | = N(r,G)=S(r, f).
Fol+-

If B # —1, then by the second fundamental theorem for F', we have
_ — 1 — 1
T(r,F)<N(r,F)+ N "E +N r—— + S(r, f)
F—-1+ 5

§N<T,}17,> +S(T7f)
<T(r,F) + S(r, f)



178 HARINA P. WAGHAMORE & NAVEENKUMAR S.H.

So, T(r,F) < N (r, %) +S(r, f) ie,(n+m)T(r, f) <N (r, %) 4+ mN <r, })
Hence, ©(0, f) + md(0, f) <1—n.

Putting O(o0, f) = 1; O(0, f) + md(0, f) <1 —n in the given condition of the theorem
we have, ©(0, f) > 1, which is not true . Hence B = —1.

Therefore, s Gfl |
ie, F(G—1—A)=—Athatis F = Gras A

n _ A N 1 _
So, f"P(f) = PP+ (15 A) Therefore, N(T, (f”P(f))(k)—l-(l—i—A)) =

N(r,f)=8(r,f).
Hence, T(r, f) =T (r, (f”P(f))(k)) = S(r, f). Which is not true. Thus B = 0.

A
SO,F_]-:m,l.e.,G—l—A(F—l).

fAZ£lthen GoA(F-1+2) SoN(rLt)on|r—1
A G o1 1

1
By the second fundamental theorem, we have,

T(T,F)gN(r,F)+N<r,1>+N r,il + S(r, f)
F 1
P14

+5(r, f)

(5
<N ( }) . ( J{)  New ( f;(f)) BN £) + S0, f)
(5 )

+NHJO#M%ﬁ>+&nn

So,

(k+2)0(0,f) +2md(0,f) <k+2+m—n (3.7)
Now by the given condition of the theorem and by (3.7) we have, ©(0, f) > 1. This is
not possible.
So, A =1 and hence F = G i.e., f*P(f) = (f*P(f))®.

This proves the theorem.
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