International J. of Math. Sci. & Engg. Appls. (IIMSEA)
ISSN 0973-9424, Vol. 10 No. II (August, 2016), pp. 241-248

MINIMUM DOMINATING HARARY ENERGY OF A GRAPH

P. S. K. REDDY,! K. N. PRAKASHA? AND GAVIRANGAIAH K.3

I Department of Mathematics,

Siddaganga Institute of Technology,

B. H. Road, Tumkur-572 103, India
2 Department of Mathematics,

Vidyavardhaka College of Engineering,
Mysuru- 570 002, India
3 Department of Mathematics,
Government First Grade Collge, Tumkur-562 102, India

Abstract

In this paper, we introduce the concept of minimum dominating Harary energy of
a graph, HEp(G) and compute the minimum dominating Harary energy H Ep(G)
of few families of graphs. Also, established the bounds for minimum dominating
Harary energy.

1. Introduction
Let G be a simple graph of order n with vertex set V = vy, vs,v3, ..., v, and edge set E.

The distance between the vertices v; and v;, denoted by d; ; = d(v;, vj) is the length of
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shortest path joining them. The Harary matrix of a graph G is an n x n matrix (a;;),

1 ip s .
hij:{ @ if 1 #£ 4,

0 otherwise

in which

A subset D C V is a dominating set if D is a dominating set and every vertex of V — D
is adjacent to at least one vertex in . Any dominating set with minimum cardinal-
ity is called a minimum dominating set. Let D be a minimum dominating set of a
graph GG. The minimum dominating Harary matrix of G is the n x n matrix defined by
Hp(G) = (a;j) where

1 ifi=jandwv; €D,

aij=< 0 ifi=jandv; ¢ D,

% otherwise,
]

The characteristic polynomial of Hp(G) is denoted by fn(G,\) = det(A] — Hp(G)).
The minimum dominating Harary eigenvalues of the graph G are the eigenvalues of
Hp(G).

Since Hp(G) is real and symmetric, its eigenvalues are real numbers and are labelled in

non-increasing order A\; > A9 > As.... > A,,. The minimum dominating Harary energy
of G is defined as

HEp(G) =Y x| (1)
=1

2. Minimum Dominating Harary Energy of Some Standard Graphs
Theorem 2.1 : If K, is the complete graph with n vertices has HEp(K,) = (n—2) +
VnZ = 2n+5.

Proof : Let K, be the complete graph with vertex set V' = {vi,ve, -+ ,v,}. The

minimum dominating set = D = {v;}.

1 1 1 .- 1 1

1 0o 1 --- 1 1

1 1 0 --- 1 1
Hp(K,) = :

1 1 1 0 1

1 1 1 1 0

nxn

characteristic polynomial is
A+ 1772 A2 — (n — 1)\ — 1]
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Minimum dominating Harary eigenvalues are

1 n—14++/(n2-2n+5) n—1—+/(n2—2n+5)
specp(Ky,) = - 2 2
n

-2 1 1

Minimum dominating Harary energy for complete graph is

(n—1)++/(n? —2n+5)

) |

HEp(K,) = |=1l(n=2)+ :

H(n—l)— én2—2n—|-5)|
= (n—2)—|— (n2—2n—|—5)

HEp(K,) = (n—2)++/(n?>—2n+5)

Theorem 2.2 : If K ,_; is a star graph of order n, then
HEp(Kin-1) = 3[(n —2) + V/n2? + 8n] for n > 3..
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Proof : Let Ki,-1 be a graph with minimum dominating set is D = {vg}. Then we

have
1 1 1 1 1
1 1 1
R P
2 2 2
AD(KL”*) : : : :
11 S
A !z
L3 3 2 0/

Characteristic equation for n >3 is (2A +1)""2 (A2 — (2)A — (%)) =0

Minimum dominating Harary eigenvalues for n > 3 are

R A AL e ATy
2 2 2 .
n

-2 1 1

Minimum dominating Harary energy is

-1 1.n n?
1.n n2

S LY AL

4—2|2 1 + 2n|

- %[(n—2)+\/M]
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1
HED(KLn—I) = 5[(77, — 2) + n2 + 8n]

O
Definition 2.3 : The cocktail party graph, denoted by K, 2, is graph having vertex
set V = J {w;,v;} and edge set E = {wuj,viv;,uvj,viu; : 1 < i < j < n}. This
graph is also called as complete n-partite graph.

Theorem 2.4 : If K49 is a cocktail party graph of order 2n, then

HED(KnXQ) = (271 - 3) + (4n2 —4n + 9)

Proof : Let K,x2 be a cocktail party graph of order 2n with

V(Kpx2) = {v1,v2,...,0n,u1,u,...,u,}. The minimum dominating set = D = {uq,v1}.
Then
1 L 11 1 1 1 1
;3 1 1 1 1 1 1 1
1 1 0 3 11 1 1
1 1 3 0 11 1 1
Hp(Knx2) = ¢ 1 1 S
11 1 1 0o & 1 1
11 1 1 0 1 1
1 1 1 1 1 1 0 3
1
1 1 1 1 11 3 0/,

Characteristic equation is [A + 1.5]"72[X + 0.5]""}[A — 0.5][A\* — (2n — 2)A — (n + 2)]

minimum dominating Harary eigenvalues are

2n—2+4/(4n2—4n+9) 2n—2—\/m
_ [ -15 —05 05 v : .

n—2 n—-1 1 1 1

minimum dominating Harary energy,

2n—2++/(4n2 —4n+9

HEp(Kpx2) = |—15|(n—2)4+|—=0.5/(n—1)+10.5] + | (2 )‘
2n — 2 — \/(4n? —4n +9)
+ ! |

— (2n—3)+ /A —dn 1 9).
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Definition 2.5 : The friendship graph, denoted by Fg(n), is the graph obtained by
taking n copies of the cycle graph C5 with a vertex in common.

Theorem 2.6 : If Fé") is a friendship graph, then HED(F3(”)) =n++/(n>+6n+1).
Proof : Let Fg(n) be a friendship graph with V(Fg(n)) = {vo,v1,v2,...,v,}. The mini-

mum dominating set = D = {v3}. Then

0 11} by

1 0 1 3 5 3

1 1 1 1 1 1

1 1 1 1
Hp(F{")y=|3 3 1 0 2 2

: 1 . . .

7 3 11 - 0 1

2 2 1 Lo 1 (2n+1)x (2n+1)

Characteristic equation is A" "1\ + 1]*[A2 — (n + 1)\ — n)]

minimum dominating Harary eigenvalues are

<_1 0 (n+1)+/(n2+6n+1)  (n+1)—/(n2+6n+1) )
= 2 2

n n-—1 1 1
minimum dominating Harary energy,

(n+1)++/(n?+6n+1)
2

HEp(F\") = |—1jn+0(n—1)+] |

(n+1)—/(n2+6n+1)
2
= n++/(n?+6n+1).

+| |

3. Properties of Minimum Dominating Harary Energy of a Graph
Theorem 3.1 : Let |\ — Hp| = agA\" + a1 A" 1 +aaA" 2 +.... +a,be the charecterastic
polynomial of Hp. Then

—,
i<j (viavj)
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Proof:
(i) It follows from the definition, Pp(G, \) = det(A\ — Ap(G)), that ag = 1.

(ii) The sum of determinants of all 1 x 1 principal submatrices of Hp is equal to the
trace of Hp.
= a1 = (—1)! trace of [Hp(G)] = —|D|.

(iii) The sum of determinants of all the 2 x 2 principal submatrices of [Hp(G)] is

2 (T
o = (=D* Y | V=Y (aaag; — aijag)
1<i<j<n | 9 TI 1<i<j<n
= D aua— ) ajiay
1<i<j<n 1<i<j<n

n

= <D\2>—Zdl

2
i<j (vi vj)

Theorem 3.2 : If A\j, Ao, ..., \, are eigenvalues of Hp(G),
then

d X =|D| and Y N = |D|+2Z
=1 =1

1<j UZ’ ])

Proof : We know that the sum of the eigenvalues of Ap(G) is the trace of Ap(G)

= Z)\i = Zaii = |D|
i1 i1

Consider

DI 3) SIRTES SIS Sos

i=1 i=1 j=1 i=1 i#j
SR Y,
=1 1<j
— Z A =|D| +2 Z
i<j vzavj
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Theorem 3.3 : Let G be graph with n vertices m edges and minimum dominating set
D . Then

n

1 2
D|+2 _— +n(n —1)|detAp(G)|n
D42 o | |+t Dldetan(©)

" 1
< HEp(G) < |n||D| +227

5 |-
i<j d(vi,vj)

Theorem 3.4 : If \i(G) is the largest minimum dominating Harary eigen value of
n
1
S P
Hp(G), then \; > J ~

nating set.

, where |D| is the cardinality of minimum domi-

Proof : Let X be any nonzero vector. Then by [2], We have

X'HpX
M (H = _
W(Hp) = max—ss
J HpJ
=\ (Hp) > ==
1( D) JJ
° 1
2y ——— +|D|
- ;jd(%vj)
— - ,
where J is a unit matrix. O

Theorem 3.5 : Let G be a graph with a minimum dominating set D. If the minimum
dominating Harary energy HEp(G) is a rational number, then HEp(G) = |D|(mod2).

Proof : Proof is similar to Theorem 3.7 of [1]. O
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