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FIXED POINT THEOREM IN INTUTIONISTIC FUZZY METRIC
SPACE USING ABSORBING FUNCTIONS

T. NAVEENA CHANDRA RAJU! AND M. VENKATA KRISHNA?

Abstract

In this paper, the concepts of fixed point theorem in intutionstic fuzzy metric space
using absorbing functions. In this paper use the six functions. Our results general-
ized and improves other results.

1. Introduction
In 1965 Zadeh introduced the notion of fuzzy sets. After this during the last few
decades many authors have established the existence of lots of fixed point theorems in

fuzzy setting. Introduced the concept of intuitionistic fuzzy sets as a generalization of
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fuzzy sets and later there has been much progress in the study of intuitionistic fuzzy
sets. In 2004, Park [8] introduced a notion of intuitionistic fuzzy metric spaces with
the help of continuous t-norms and continuous t-conorms as a generalization of fuzzy
metric space due to Kramosil and Michalek [14] in fact the concepts of triangular norms
(t-norm) and triangular conorms (¢-conorm) are originally introduced by Schweizer and
Sklar [2] in study of statistical metric spaces.

Introduced the concept of absorbing mapping in metric space and prove common fixed
point theorem in this space. Moreover they observe that the new notion of absorbing
map is neither a subclass of compatible maps nor a subclass of non compatible maps.
The aim of this paper is to introduce the new notion of absorbing maps in intuitionistic
fuzzy metric space which is neither a subclass of compatible maps nor a subclass of non-
compatible maps, it is not necessary that absorbing maps commute at their coincidence
points however if the mapping pair satisfy the contractive type condition then point
wise absorbing maps not only commute at their coincidence points but it becomes a
necessary condition for obtaining a common fixed point of mapping pair.

Definition 1.1 : Let X be any non empty set. A fuzzy set A in X is a function with
domain X and values in [0, 1].

Definition 1.2 : Let a set F be fixed. An intuitionist fuzzy set (IFS) A of E is an object
having the form A = {(x,pa(z),va(x)) : * € E} where the function uas : £ — [0, 1]
and vg : E — [0, 1] define respectively, the degree of membership and degree of non-
membership of the element x € E to the set A, which is a subset of F, and for every
x€FE,0< pa(z)+va(z) <1

Definition 1.3 : A binary operation * : [0, 1] x [0,1] — [0, 1] is a continuous ¢-norm, if

* is satisfying the following conditions :
(i) * is commutative and associative.
(ii) * is continuous.
(ili) a* 1 = a for all a € [0, 1].
(iv) a % b < ¢ d whenever a < ¢ and b < d, for a,b,c,d € [0, 1].

Definition 1.4 : A binary operation < : [0, 1] x [0,1] — [0, 1] is continuous ¢-conorm if

¢ it satisfies the following conditions:
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(i) ¢ is commutative and associative.

(ii) ¢ is continuous.

(iii) a®0 = a for all a € [0, 1].

(iv) ab < ¢{d whenever a < ¢ and b < d, for a,b,c,d € [0, 1].

Note 1.5 : The concepts of triangular norms (¢-norms) and triangular co norms (¢-
co norms) are known as the axiomatic skeletons that we use for characterizing fuzzy
intersections and unions, respectively. These concepts were originally introduced by
Menger [12] in his study of statistical metric spaces.

Definition 1.6 : A 5-tuple (X, M, N,*,<{) is said to be an intuitionist fuzzy metric
space (shortly IFM-Space) if X is an arbitrary set, x is a permanent t-norm, <) is a
permanent ¢-co-norm and M, N are fuzzy sets on X2 x (0, 00) satisfying the following

conditions: for all z,y, z,s,t >0

(IFM-1) M (z,y, )+N(x y,t) <1

(IFM-2) M(z,y,0) =

(IFM-3) M (x,y,t) =1 if and only if x = y.

(IFM-4) M (z,y,t) = M(y,z,t)

(IFM-5) M (x,y,t) + M(y,z,5) < M(x,z,t+ s)
(IFM-6) M (z,y,*) : [0,00) — [0,1] is left permanent.
(IFM-7) lmM(x y,r)=1

(IFM-8) (m y,0) =1

(IFM-9) N(z,y,t) = 0 if and only if z = y.

(IFM-10) N(z,y,t) = N(y, z,t)

(IFM-11) N(z,y,t)ON(y,z,s) > N(x,s,t+ s)
(IFM-12) N(z,y,*) : [0,00) — [0, 1] is right permanent.
(IFM—13) hm N(z,y,t) =0.

Then (M, N ) is called an intuitionistic fuzzy metric on X. The functions M (x,y,t) and
N(z,y,t) denote the degree of nearness and degree of non-nearness between x and y
with respect to t, respectively.

Remark 1.7 : Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space

if X of the form (X, M,1— M, %,<{) such that ¢- norm * and ¢-conorm < are associated,
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that is,
xQy=1—((1—2z)*x (1 —y)) forany z,y € X.
But the converse is not true.
Example 1.8 : (Induced intuitionist fuzzy metric). Let (X, d) be a metric space. Define
a*b=ab and a{)b = min{1,a + b} for all a,b € [0, 1] and let My and N4 be fuzzy sets

on X2 x (0,00) defined as follows:

ht™ d(z,y)

htn+md(I,y) an d(l"y’ )

M t - \md)
d(xay7 ) k‘t”—i—md(x,y)

for all h,k,m and n € R*. Then (X, My, Ny, *,<>) is an intuitionistic fuzzy metric
space.

Definition 1.9 : Let (X, M, N,*,<{) be an intuitionist fuzzy metric space.
(a) A sequence {z,} in X is called Cauchy sequence if for each ¢ > 0 and p > 0,

lim M(2p4p,2n,t) =1 and lm N(zpip,zn,t) = 0.

n—oo n—oo
(b) A sequence {z,} in X is convergent to x € X if

lim M(zp,z,t) =1 and lim N(z,,z,t) =0.
n—oo n—oo

for each t > 0.

(c) An intuitionist fuzzy metric space is said to be complete if every Cauchy sequence

is convergent.
(d) Then the mappings are said to be reciprocally continuous if

lim ABx, = Az and lim BAz, = Bz,

n—oo n—oo
whenever {z,} is a sequence in X such that lim ABx, = lim BAx, = z, for
n—oo n—oo

some z € X.

Remark 1.10 : If A and B are both continuous then they are obviously reciprocally

continuous. But the converse need not be true.
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Example 1.11 : Let X = [4,30] and d be the usual metric space X. Define mappings
AB: X — X by

z if x=4 r if =4
Az = and Bz =
13 if >4 26 if x> 4.

It may be noted that A and B are reciprocally continuous mappings but neither A nor
B is continuous mappings.

We shall use the following lemmas to prove our next result without any further citation:
Lemma 1.12 : In an intuitionist fuzzy metric space X, M (z, vy, -) is non-decreasing and
N(zx,y,-) is non increasing for all z,y € X.

Lemma 1.13 : Let (X, M, N, *,<>) be an intuitionist fuzzy metric space.

(1) If there exists a constant k € (0, 1) such that

M (yny2, Yni1s kt) = M<yn+1> Yn, t)

and

N (Ynt2,Ynt1,kt) = N(Ynt1, Yn, t)-

For every t > 0 and n = 1,2, -, then {y,} is a Cauchy sequence in X.

(ii) If there exists a constant k € (0, 1) such that M (x,y, kt) = M (z,y,t) and N(z,y, kt) =
N(z,y,t) for z,y € X, then x = y.

Definition 1.14 : Let A and B are two self maps on a intuitionistic fuzzy metric space
(X, M, N,*,<) then A is called B-fascinating if there exists a positive integer r > 0
such that

M (Bz,BAx,t) > M(Bx, Az,t/R)

N(Bz,BAx,t) < N(Bz, Ax,t/R)

for all x € X.
Similarly B is called A-fascinating if there exists a positive integer R > 0 such that

M(Ax, ABx,t) > M(Ax,Bz,t/R)

N(Az, ABz,t) < N(Axz,Bx,t/R)
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for all x € X.
Definition 1.15 : The map A is called point wise B-fascinating if for given z € X,

there exists a positive integer R > 0 such that
M (Bz,BAx,t) > M(Bx, Az,t/R)

N(Bz,BAx,t) < N(Bz, Ax,t/R)

for all z € X.

2. Main Results
Theorem 2.1 : Let A be point wise S-absorbing and B be point wise T. Absorbing

self maps on a complete intuitionist fuzzy metric space (X, M, N, x, ) with permanent
t-norm defined by a * b = min{a, b} and a)b = max{a,b} where a,b € (0, 1), satisfying

the conditions:
(I) A(X) cT(X),B(X) C S(X).
(IT) There exists k € (0, 1) such that for every z,y € X and ¢t > 0, ]
M(Sz,Ty,t), M(Ax, Sz, t), M(By, Ty, t),
M (Az, By, kt) > min
M(Az,Ty,t), M(Az, By,t), M(Sz, By,t)
N(Sz,Ty,t), N(Az, Sz, t), N(By, Ty, t),
N(Azx, By, kt) < min
N(Az,Ty,t), N(Az, By,t), N(Sz, By,t)
(ITI) for all z,y € X, tlim M(z,y,t) =1 and %in% N(z,y,t) =0.

If the pair of maps A,S) is mutual permanent compatible maps then A, B, S and T

have a unique common fixed point in X.

Proof : let xg be any arbitrary point in X, construct a sequence y, € X such that
Yon—1 = Twop—1 = Axopn—9 and yo, = Sxon = Bropt1, n=1,2,3, - (1)

This can be done by the virtue of (I).
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By using contractive condition we obtain,

M (y2n+1, Yon+2, kt) = M(Azay,, Bropy1, kt)

M (Szo,, Txont1,t), M(Axapn, Ston,t), M(Bxop i1, Txont1,t),
> min

M (Azxap, Txopi1,t) M (Azay,, Broy, t) M (z2n, Tront1,t),

M (Y2n, Yon+1, M (Y2n+1, Yon, t), M (Y2n, Y2nt1, 1),
> min

{ M (yon+1, Y2n+1, ) M (Y2n41, Yon, t), 1
{ N(Swzon, Txopy1,t), N(Pxon, Swon, t), N(Qxont1, TTon41,1),

< min

N(P.Z‘Qn, T.’E2n+1, t)M(Al'Qn, Bxo,, t)M(S{EQn, Tl'gn_H, t))

N)yon, Yon+1,t), N(Y2n+1, Y2n: t), N (Yon, Yon+1, 1),
< min

M (Y2n+1; Y2n+1,1), 0, M (yon, yon+1,1t)
Which implies,
M (y2n+1,Y2n+2, kt) > M (Y20, Y2n+1,1)

N(Y2n+1, Yont2, kt) < N(yon, Yant1,t)

in general

M(yn7 Yn+1, kt) Z M(?/n—l, Yn, t)

N(y2'm Yan+1, kt) S N(an—la Yon, t) (1)

To prove {y,} is a Cauchy sequence, we have to show
M(ynayn+lat) — 1 and N(ynvyn+1vt) -0

(for t > 0 as n — oo uniformly on p € N). For this from (1) we have,

t t
M(ynvyn—l—l;t) > M <yn—17yn7k> > M <yn—27yn—1ak;2>

t
ZZM<y07ylaan> —1

t t
N(ynvyn+1at) > N (yn—laynak> >N <yn—2>yn—17k2)

t
22N<y07ylakm) — 0.



38 T. NAVEENA CHANDRA RAJU & M. VENKATA KRISHNA

As n — oo for p € N, by (1) we have

M(ynv Yn+p, t) > M(ym Yn+1, (1 - k)t) * N(yner Yn+p kt)

1—-k)t
>M (yo,yh( 0 ) > * M (Yn+1, Ynt2,t) * M (Yn+2, Yntp(k — 1)1)

(1— k)t 1
=M {yo.y1, —5 * M| yo,y1, * M (Ynt2, Yn+3, t) % M (Yn+3, Yntp, (k= 2)t)

1— k)t t 1— k)t k—p)t
2M<y0,y1,( o ) > *M<y0’y1’k”> x M <y0,y1,(kn+2)> ook M <y0’y1’(kmm)1>

and

N(yn’ Yn+p, t) < N(yn’ Yn+1, (1 - k)t)ON(yn—‘rla Yn+p, kt)

1— k)t
<N <yo,y1, ( = ) > ON (Ynt1, Ynt2, 1) ON (Ynt2, Yntp(k — 1))

1— k)t t k—p)t
<N <yo,y1, ( o ) ><>N <3/07y1>kn> ON(Yn+2,Ynt3,t) - ON <yo,y1,(kmp+)1)

Thus M (Yn, Yn+p,t) — 1 and N(Yn, Yn+p,t) — 0 (for all £ > 0 as n — oo uniformly on
p € N).

Therefore {y,} is a Cauchy sequence in X.

But (X, M, N, %, ) is complete so there exists a point (say) z in X such that {y,} — z.
Also, using (I) we have {Axa,—o}, {Txon—1},{Szon}, {Bxont1} — 2.

Since the pair (A, S) is reciprocally continuous mappings, then we have, nll)r)go ASxo, =

Az and lim SAxs, = Sz and compatibility of A and S yields,

n—oo

lim M(ASxon, SAzo,,t) =1 and lim N(ASzo,, SAxe,,t) =0

n—oo n—oo

ie. M(az,Sz,t) =1 and N(Az, Sz,t) =0. Hence Az = Sz.
Since A(X) C T(X), then there exists a point v in X such that Az = Tu.
Now by contractive condition, we get,

M(S:'r7 Ty7 t)7 M<Ax7 Sx7 t)7 M(By7 Ty7 t)?

M(Az, By, kt) > min
M(Axz,Ty,t), M(Ax, By,t), M(Sx, By,t)

N(Sz,Ty,t), N(Azx,Sxz,t), N(By, Ty, t),
N(Azx, By, kt) < min
N(Az,Ty,t), N(Az, By,t), N(Sz, By,t)
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i.e. Az = Bu. Thus Az = Sz = Bu = Tu.
Since P is S-absorbing then for R > 0, we have,

M(Sz,SAz,t) > M (SZ,AZ, ;) =1

N(Sz,SAz,t) < N <SZ,AZ, ;) =0
ie. Az=SAz=S5z.

Now by contractive condition, we have,

M(Sz,Ty,t), M(Ax, Sz, t), M(By, Ty,t),

M(Az,By,kt) > min

M(Ax,Ty,t), M(Ax, By,t), M(Sx, By,t)

= M(AAz, Az, t)
N(Az,AAz,t) = N(AAz, Bu,t)

N(S$7 Ty7 t)? N(A‘T7 Sm? t)? N(By7 Ty7 t)?

N(Ax,By,kt) < min

N(Az,Ty,t), N(Az, By,t), N(Sx, By, t)

= N(AAz Az t)

ie. AAz = Az = SAz.
Therefore Az is a common fixed point of A and S.

Similarly, T" is B-absorbing. Therefore we have,

t
M(Tu,TBu,t) > M (Tu,Bu, R> =1

N9Tu,TBu,t) < N <Tu, Bu, ;) =0.

i.e. Tu = TBu = Bu.

Now by contractive condition, we have

M(Sx7 Ty7 t)? M(Ax7 Sm? t)? M(By7 Ty7 t)?

M(Az, By,kt) > min

M(Ax,Ty,t), M(Ax, By,t), M (Sx, By,t)

= M(AAz, Az,t)
— M(BBu, Az,1)

N(Sx’ Ty7 t)7 N(A:L‘, Sx7 t)? N(By7 Ty7 t)?

N(Az,By,kt) < min

N(Az,Ty,t), N(Ax, By,t), N(Sz, By,t)

= N(AAz, Az, t)

39
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i.e. BBu = Bu =T DBu.

Hence Bu = Az is a common fixed point of A, B, S and T.

Uniqueness of Az can easily follows from contractive condition.

The proof is similar when B and T are assumed compatible and reciprocally permanent.
This completes the proof. Now we prove the result by assuming the range of one of the
mappings A, B, S or T to be a complete subspace of X.

Corroloary 2.2 : Let A be point wise S-absorbing and B be point wise Tabsorbing
self maps on an intuitionist fuzzy metric space (X, M, N, *, <) with continuous ¢t-norm
defined by a * b = min{a, b} and ab = max{a,b} where a,b € [0,1] satisfying the

conditions:.
() A(X) € T(X), B(X) € 5(X).
(IT) There exists k € (0, 1) such that for every z,y € X and ¢t > 0

M(Sx,Ty,t), M(Ax,Sz,t), M(By,Ty,t),
M (Az, By, kt) > min
M(Azx,Ty,t), M(Ax, By,t), M(Sx, By,t)

N(Sz,Ty,t), N(Az, Sz, t), N(By, Ty, t),
N(Azx, By, kt) < min
N(Ax,Ty,t), N(Az, By,t), N(Sz, By, t)
(IT1) for all z,y € X, lim M(x,y,t) =0 and lim N(z,y,t) =0.

n—oo

If the range of one of the mappings maps A, B,.S or T be a complete subspace of X.
Then A, B, S and T have a unique common fixed point in X.
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