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Abstract

Our aim in this paper is to find the solution of Linear Systems Partial Differen-
tial Equations (LSPDE) of the second order with variable coefficients subjected to
some initial conditions by using Al-Tememe transform (T.T ) through generalized
the method that found in [2].

1. Introduction

Integral transformations are an important role to solve the linear partial differential

equations (LPDE) of the second order with constant coefficients and variable coefficients.

We will use Al-Tememe Transform (T .T ) to solve systems of linear partial differential
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equations of second order with variable coefficients and the method summarized by tak-

ing (T .T ) to both sides of the equations. Then we take (T −1.T ) to both sides of the

equations and by using the given initial conditions, we find the functions.

2. Preliminaries

Definition 1 [1] : Let f is defined function at period (a, b) then the integral transfor-

mation for f whose it’s symbol F (s) is defined as

F (s) =

∫ b

a
k(s, x)f(x)dx

where k is a fixed function of two variables, called the kernel of the transformation and

a, b are real numbers or ∓∞, such that the above integral is convergent.

Definition 2 [3] : The Al-Tememe transformation for the function f(x) : x > 1 is

defined by the following integral:

T [f(x)] =

∫ ∞
1

x−sf(x)dx = F (s)

such that this integral is convergent, s is positive constant. From the above definition

we can write

T (u(x, t)) =

∫ ∞
1

t−su(x, t)dt

= v(x, s)

such that u(x, t) is a function of x and t.

Property 1 [3] : This transformation is characterizedby the linear property, that is

T [Au1(x, t) +Bu2(x, t)] = AT [u1(x, t)] +BT [u2(x, t)],

where A and B are constants while the functions u1(x, t), u2(x, t) are defined when

(t > 1).

The Al-Tememe transform for some fundamental functions are given in Table 1 [3].
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Table 1

ID Function f(x) F (s) =
∫∞
1 x−sf(x)dx = T [f(x)] Regional of convergence

1 k; k = constant k
(s−1) s > 1

2 xn, n ∈ R 1
(s−(n+1)) s > n+ 1

3 lnx 1
(s−1)2 s > 1

4 xnlnx, n ∈ R 1
[s−(n+1)]2

s > n+ 1

5 sin a(lnx) a
(s−1)2+a2

s > 1

6 cos a(lnx) s−1
(s−1)2+a2

s > 1

7 sinh a(lnx) a
(s−1)2−a2 |s− 1| > a

8 cosh a(lnx) s−1
(s−1)2−a2 |s− 1| > a

From the Al-Tememe definition and the abvoe table, we get

Theorem 1 ; If T (u(x, t)) = v(x, s) and a is constant, then T (u(x, t−a)) = v(x, s+ a)

see [3].

Definition 3 [3] : Let u(x, t) be a function where (t > 1) and T (u(x, t)) = v(x, s), u(x, t)

is said to be an inverse for the Al-Tememe transformation and written as T −1(v(x, s)) =

u(x, t), where T −1 returns the transformation to the original function. For example

T−1
[

2lnx

((s− 2)2 + 4)

]
= lnx t sin 2lnt.

Propety 2 [3] : If T −1(u1(x, s)) = v1(x, t), T −1(u2(x, s)) = v2(x, s), · · · , τ−1(un(x, t)) =

vn(x, s) and a1, a2, · · · , an are constants then

T −1[a1v1(x, s) + a2v2(x, s) + · · ·+ anvn(x, s)]

= a1u1(x, t) + a2u2(x, t) = · · ·+ anun(x, t).

Theorem 2 [3] : If the function u(x, t) is defined for t > 1 and its derivatives

ut(x, t), utt(x, t), · · · , u(n)t (x, t) are exist then

T [tnu
(n)
t (x, t)] = −u(n−1)t (x, 1)− (s− n)u

(n−2)
t (x, 1)− · · ·

−(s− n)(s− (n− 1)) · · · (s− 2)u(x, 1) + (s− n)!v(x, s).
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3. Solving Linear Systems of Partial Differential Equations of the Sec-

ond Order by Using Al-Tememe Transform

Let us consider we have a linear system of partial differential equations of second order

with variable coefficients which we can write it by

at2u1tt(x, t) + btu1t(x, t) = a1u1(x, t) + a2u2(x, t) + g1(x, t)

ct2u2tt(x, t) + dtu2t(x, t) = b1u1(x, t) + b2u2(x, t) + g2(x, t)
(1)

where a, b, a1, a2, c, d, b1 and b2 are constants, u1t(x, t) and u1tt(x, t) are derivatives of

the function u1(x, t), u2t(x, t) and u2tt(x, t) are derivative of function u2(x, t), such that

u1(x, t) and u2(x, t) are continuous functions and the (T .T ) of g1(x, t) and g2(x, t) are

known. For solving the system (1) we take (T .T ) to both sides of it and after sim-

plification we put v1(x, s) = T (u1(x, t)), v2(x, s) = T (u2(x, t)), G1(x, s) = T (g1(x, t)),

G2(x, s) = T (g2(x, t)). So, we get:

−au1t(x, 1)− a(s− 2)u1(x, 1) + a(s− 2)(s− 1)v1(x, s)− bu1(x, 1) + b(s− 1)v1(x, s)

= a1v1(x, s) + a2v2(x, s) +G1(x, s)

((s− 1)(a(s− 2) + b)− a1)v1(x, s)− a2v2(x, s)

= au1t(x, 1) + a(s− 2)u1(x, 1) + bu1(x, 1) +G1(x, s)
(2)

−cu2t(x, 1)− c(s− 2)u2(x, 1) + c(s− 2)(s− 1)v2(x, s)− du2(x, 1) + d(s− 1)v2(x, s)

−b1v1(x, s)− b2v2(x, s) = G2(x, s)

((s− 1)(c(s− 2) + d)− b2)v2(x, s)− b1v1(x, s)

= cu2t(x, 1) + c(s− 2)u2(x, 1) + du2(x, 1) +G2(x, s)
(3)

So

k1(s)v1(x, s)− a2v2(x, s) = au1t(x, 1) + a(s− 2)u1(x, 1) + bu1(x, 1) +G1(x, s) (4)

k2(s)v2(x, s)− b1v1(x, s) = cu2t(x, 1) + c(s− 2)u2(x, 1) + du2(x, 1) +G2(x, s) (5)

where k1(s) = (s− 1)(a(s− 2) + b)− a1 and k2(s) = (s− 1)(c(s− 2) + d)− b2.
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By multiplying equation (4) by k2(s) and equation (5) by a2 and collecting the result

terms we have :

v1(x, s) =
h1(x, s)

N1(s)
; N1(s) 6= 0. (6)

By the similar method we find

v2(x, s) =
h2(x, s)

N2(s)
; N2(s) 6= 0 (7)

where h1(x, s) and h2(x, s) are polynomials of s and x, N1(s) and N2(s) are polynomials

of s, such that the degree of h1(x, s) is less than the degree of N1(s) and the degree of

h2(x, s) is less than the degree of N2(s).

By taking the inverse of Al-Tememe transformation (T −1.T ) to both sides of equation

(6) and (7) we get :

u1(x, t) = T−1
[
h1(x,s)
N1(s)

]
,

u2(x, t) = T−1
[
h2(x,s)
N2(s)

] (8)

Equation (8) represents the general solution of system (1) which we can be written it

as follows:
u1(x, t) =

∑
i
Ai(x)Bi(t)

u2(x, t) =
∑
i
Ci(x)Di(t)

(9)

where as B1, B2, · · · , Bm are functions of t and A1, A2, · · · , Am are functions of x, which

is number equals to the degree of h1(x, s), also C1(x), C2(x), · · · , Cm(x) are functions

of x which is number equals to the degree of h2(x, s).

To find the forms of functions of A1(x), A2(x), · · · , Am(x) and C1(x), C2(x), · · · , Cm(x)

we use partial fractions decomposition.

Example 1 : To solve the system of partial differential equation

t2u1tt(x, t) + 7tu1t(x, t) = −9u1(x, t) + u2(x, t) + xt2;u1(x, 1) = 0, u1t(x, 1) = 0

t2u2tt(x, t)− tu2t(x, t) = u1(x, t)− u2(x, t) + x; u2(x, 1) = 0, u2t(x, 1) = 0.

We take Al-Tememe transform to both sides of the system we get

−u1t(x, 1)− (s− 2)u1(x, 1) + (s− 2)(s− 1)v1(x, s)− 7u1(x, 1)

+7(s− 1)v1(x, s) + 9v1(x, s)− v2(x, s) = x
(s−3)

(s− 1)(s+ 5)v1(x, s) + 9v1(x, s)− v2(x, s)− 1 = x
s−3
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(s+ 2)2v1(x, s)− v2(x, s) =
x

s− 3
(10)

−u2t(x, 1)− (s− 2)u2(x, 1) + (s− 2)(s− 1)v2(x, s) + u2(x, 1)

−(s− 1)v2(x, s) + v2(x, s)− v1(x, s) = x
s−1

(s− 2)(s− 1)v2(x, s)− (s− 1)v2(x, s)− v1(x, s) + v2(x, s) = x
s−1

(s− 2)2v2(x, s)− v1(x, s) =
x

(s− 1)
(11)

By multiplying eq. (10) by (s− 2)2 and eq. (11) 1, where we get,

(s− 2)2(s+ 2)2v1(x, s)− (s− 2)2v2(x, s) =
x(s− 2)2

s− 3
(12)

(s− 2)2v2(x, s)− v1(x, s) =
x

s− 1
. (13)

From eq. (3) and eq. (4) we get

v1(x, s) =
x(s− 2)2

(s− 3)(s2 − 5)(s2 − 3)
+

x

(s− 1)(s2 − 5)(s2 − 3)

=

[
A(x)

s− 3
+
B(x)s+ C(x)

s2 − 5
+
D(x)s+ E(x)

s2 − 3

]
+

[
A1(x)

s− 1
+
B1(x)s+ C1(x)

s2 − 5
+
D1(x)s+ E1(x)

s2 − 3

]
A(x) +B(x) +D(x) = 0 (14)

−3B(x) + C(x)− 3D(x) + E(x) = 0 (15)

−8A(x)− 3B(x)− 3C(x)− 5D(x)− 3E(x) = x (16)

9B(x)− 3C(x) + 15D(x)− 5E(x) = −4x (17)

15A(x) + 9C(x)m+ 15E(x) = 4x. (18)

After we solve the system of equations (14), (15), (16), (17) and (18) we get

⇒ A(x) =
x

24
, B(x) =

3x

8
, C(x) =

−7x

8
, D(x) =

−5x

12
, ‘ E(x) =

3x

4
.

Also

A1(x) +B1(x) +D1(x) = 0 (19)

−B1(x) + C1(x)−D1(x) + E1(x) = 0 (20)
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−8A1(x)− 3B1(x)− C1(x)− 5D1(x)− E1(x) = 0 (21)

3B1(x)− 3C1(x) + 5D1(x)− 5E1(x) = 0 (22)

15A1(x) + 3C1(x) + 5E1(x) = x. (23)

After we solve the system of equations (19), (20), (21), (22) and (23), we get :

⇒ A1(x) =
x

8
, B1(x) =

x

8
, C1(x) =

x

8
, D1(x) =

−x
4
, E1(x) =

−x
4

Therefore, (after using T −1.T ) we get :

v1(x, s) =
x

24

1

s− 3
+

3x

8

s

s2 − 5
− 7x

8

1

s2 − 5
− 5x

12

s

s2 − 3
+
x

8

1

s− 1

+
x

8

s

s2 − 5
+
x

8

1

s2 − 5
− x

4

s

s2 − 3
− x

4

1

s2 − 3

u1(x, t) =
x

24
t2 +

x

2
t−1 cosh

√
2lnt− 3

4
√

5
t−1 sinh

√
5lnt

−2x

3
t−1 cosh

√
3lnt+

x

2
√

3
t−1 sinh

√
3lnt

and multiplying equation (10) by 1 and equatiion (11) by (s+ 2)2 we get

(s+ 2)2v1(x, s)− v2(x, s) =
x

s− 3
(24)

(s+ 2)2(s− 2)2v2(x, s)− (s+ 2)2v1(x, s) =
x(s+ 2)2

s− 1
(25)

From equation (24) and (25) we get

v2(x, s) =
x

(s− 3)(s2 − 5)(s2 − 3)
+

x(s+ 2)2

(s− 1)(s2 − 5)(s2 − 3)

v2(x, s) =

[
A(x)

s− 3
+
B(x)s+ C(x)

s2 − 5
+
D(x)s+ E(x)

s2 − 3

]
+

[
A1(x)

s− 1
+
B1(x)s+ C1(x)

s2 − 5
+
D1(x)s+ E1(x)

s2 − 3

]
A(x) +B(x) +D(x) = 0 (26)

−3B(x) + C(x)− 3D(x) + E(x) = 0 (27)

−8A(x)− 3B(x)− 3C(x)− 5D(x)− 3E(x) = 0 (28)

9B(x)− 3C(x) + 15D(x)− 5E(x) = 0 (29)
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15A(x) + 9C(x) + 15E(x) = x. (30)

After we solve the system of equations (26), (27), (28), (29) and (30) we get :

⇒ A(x) =
x

24
, B(x) =

−x
8
, C(x) =

−3x

8
, D(x) =

x

12
, E(x) =

x

4
.

Also

A1(x) +B1(x) +D1(x) = 0 (31)

−B1(x) + C1(x)−D1(x) + E1(x) = 0 (32)

−8A1(x)− 3B1(x)− C1(x)− 5D1(x)− E1(x) = x (33)

3B1(x)− 3C1(x) + 5D1(x)− 5E1(x) = 4x (34)

15A1(x) + 3C1(x) + 5E1(x) = 4x. (35)

After we solve the system of equations (31), (32), (33), (34) and (35) we get:

⇒ A1(x) =
9x

8
, B1(x) =

13x

8
, C1(x) =

29x

8
, D1(x) =

−11x

4
, E1(x) =

−19x

4

v2(x, s) =
x

24

1

s− 3
− x

8

s

s2 − 5
− 3x

8

1

s2 − 5
+

x

12

s

s2 − 3
+
x

4

1

s2 − 3

+
9x

8

1

s− 1
+

13x

8

s

s2 − 5
+

29x

8

1

s2 − 5
− 11x

4

s

s2 − 3
− 19x

4

1

s2 − 3
.

Therefore, (after using T −1.T ) we get:

u2(x, t) =
x

24
t2 +

3

2
t−1 cosh

√
5lnt+

13x

4
√

5
t−1 sinh

√
5lnt

−8

3
t−1 cosh

√
3lnt− 18x

4
√

3
t−1 sinh

√
3lnt+

9x

8
.

Example 2 : To solve the system of partial differential equation

t2u1tt(x, t) + 5tu1t(x, t) = −4u1(x, t) + u2(x, t) + x lnt;u1(X, 1) = 0, u1t(x, 1) = 0

t2u2tt(x, t) + tu2t(x, t) = u1(x, t) + x sin lnt; u2(x, 1) = 0, u2t(x, 1) = 0.

We take Al-Tememe transform to both sides of the system we get

(s− 2)(s− 1)v1(x, s) + 5(s− 1)v1(x, s) + 4v1(x, s)− v2(x, s) = x
(s−1)2

((s− 1)(s+ 3) + 4)v1(x, s)− v2(x, s) = x 1
(s−1)2

(s+ 1)2v1(x, s)− v2(x, s) = x
(s−1)2

(36)
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(s− 2)(s− 1)v2(x, s) + (s− 1)v2(x, s)− v1(x, s) = x
(s−1)2+1

(s− 1)2v2(x, s)− v1(x, s) = x
(s−1)2+1

(37)

By multiplying eq. (36) by (s− 1)2 and eq. (37) 1, we get,

(s− 1)2(s+ 1)2v1(x, s)− (s− 1)2v2(x, s) = x (38)

(s− 1)2v2(x, s)− v1(x, s) =
x

(s− 1)2 + 1
. (39)

From eq. (38) and eq. (39) we get

v1(x, s) =
x

s2(s2 − 2)
+

x

s2(s2 − 2)((s− 1)2 + 1)
=

x((s− 1)2 + 1) + x

s2(s2 − 2)((s− 1)2 + 1)

=
A(x)s+B(x)

s2
+
C(x)s+D(x)

s2 − 2
+
E(x)(s− 1) + F (x)

((s− 1)2 + 1)

A(x) + C(x) + E(x) = 0 (40)

−2A(x) +B(x)− 2C(x) +D(x)− E(x) + F (x) = 0 (41)

−2B(x) + 2C(x)− 2D(x)− 2E(x) = 0 (42)

4A(x) + 2D(x) + 2E(x)− 2F (x) = x. (43)

−4A(x) + 4B(x) = −2x (44)

−4B(x) =, 3x. (45)

After we solve the system of equations (40), (41), (42), (43), (44) and (45) we get

⇒ A(x) =
−x
4
, B(x) =

−3x

4
, C(x) =

x

8
, D(x) =

3x

4
, E(x) =

x

8
, F (x) =

−x
8
.

v1(x, s) =
−x
4

1

s
− 3x

4

1

s2
+
x

8

s

s2 − 2
+

3x

4

1

s2 − 2
+
x

8

(s− 1)

(s− 1)2 + 1
− x

8

1

(s− 1)2 + 1
.

Therefore, (after using T −1.T ) we get :

u1(x, t) =
−x
4
t−1−3x

4
t−1lnt+

x

8
t−1 cosh

√
2 lnt+

3x

4
√

2
t−1 sinh

√
2 lnt+

x

8
cos lnt−x

8
sin lnt

and by multiplying equation (36) by 1 and equatiion (37) by (s+ 1)2

(s+ 1)2v1(x, s)− v2(x, s) =
x

(s− 1)2
(46)
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(s+ 1)2(s− 1)2v2(x, s)− (s+ 1)2v1(x, s) =
x(s+ 1)2

(s− 1)2 + 1
. (47)

From equation (46) and (47) we get

v2(x, s) =
x

(s− 1)2(s2 − 2)s2
+

x(s+ 1)2

s2(s2 − 2)((s− 1)2 + 1)

v2(x, s) =

[
A(x)s+B(x)

s2
+
C(x)(s− 1) +D(x)

(s− 1)2
+
E(x)s+ F (x)

s2 − 2

]
+

[
A1(x)s+B1(x)

s2
+
C1(x)s+D1(x)

s2 − 2
+
E1(x)(s− 1) + F1(x)

((s−1)2 + 1)

]
A(x) + C(x) + E(x) = 0 (48)

−2A(x) +B(x)− C(x) +D(x)− 2E(x) + F (x) = 0 (49)

−A(x)− 2B(x)− 2C(x) + E(x)− 2F (x) = 0 (50)

4A(x)−B(x) + 2C(x)− 2D(x) + F (x) = 0 (51)

−2B(x) = x. (52)

After we solve the system of equations (48), (49), (50), (51) and (52) we get :

⇒ B(x) =
−x
2
, A(x) = −x, C(x) = 0, D(x) = −x,E(x) = x, F (x) =

3x

2
.

A1(x) + C1(x) + E1(x) = 0 (53)

−2A1(x) +B1(x)− 2C1(x) +D1(x)− E1(x) + F1(x) = 0 (54)

−2B1(x) + 2C1(x)− 2D1(x)− 2E1(x) = 0 (55)

4A1(x) + 2D1(x) + 2E1(x)− 2F1(x) = x (56)

−4A1(x) + 4B1(x) = 2x. (35)

−4B1(x) = x⇒ B1(x) =
−x
4

(58)

After we solve the system of equations (53), (54), (55), (56), (57) and (58) we get:

A1(x) =
−3x

4
, C1(x) =

7x

8
, D1(x) =

5x

4
, E1(x) =

−x
8
, F1(x) =

−7x

8

v2(x, s) =
−x
s
− x

2

1

s2
− x 1

(s− 1)2
+ x

s

s2 − 2
+

3x

2

1

s2 − 2
− 3x

4

1

s
− x

4

1

s2
+

7x

8

s

s2 − 2

+
5x

4

1

s2 − 2
− x

8

(s− 1)

(s− 1)2 + 1
− 7x

8

1

(s− 1)2 + 1



SOLVING LINEAR SYSTEMS OF PARTIAL... 65

Therefore, (after using T −1.T ) we get:

u2(x, t) =
−7x

4
t−1 − 3x

4
t−1lnt− xlnt+

15x

8
t−1 cosh

√
2lnt+

11x

4
√

2
t−1 sinh

√
2lnt

−x
8

cos lnt− 7x

8
sin lnt.
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