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Abstract

Magic squares have turned up throughout history, some in a mathematical con-
text and others in philosophical or religious contexts. A normal magic square is
a square array of consecutive numbers from where the rows, columns, diagonal
and co-diagonals add up to the same number. The constant sum is called magic
constant or magic number. Along with the conditions of normal magic squares,
strongly magic squares have a stronger property that the sum of the entries of the
sub-squares taken without any gaps between the rows or columns is also the magic
constant. There are many recreational aspects of strongly magic squares. But,
apart from the usual recreational aspects, it is found that strongly magic squares
possess advanced mathematical properties. In this paper a generic definition for
strongly magic square is given and some advanced mathematical properties like dot
products of 4 x 4 strongly magic squares are discussed. This can pave way for
developing new horizons in the field of vector algebra.
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1. Introduction

A magic square is a square array of numbers where the rows, columns and both di-
agonals add up to the same number. The constant sum is called magic constant or
magic number [1]. There are many recreational aspects of magic squares. But, apart
from the usual recreational aspects, it is found that these squares possess mathematical

properties.

2. Notations and Mathematical Preliminaries

(A) Magic Square

A magic square of order n is an nth order matrix la;;] such that
n
Zaij:p, for i=1,2,---,n (1)
j=1
n
Zaji:p, for i=1,2,---,n (2)
j=1

n n
Z i = P, Z Gin—itl = P (3)
i=1 i=1

Equation (1) represents the row sum, equation (2) represents the column sum, equation
(3) represents the diagonal and co-diagonal sum and p represents the magic constant.
[2].

(B) Magic Constant

The constant p in the above definition is known as the magic constant or magic number.
The magic constant of the magic square A is denoted as p(A).

For example Fig 1 is a well-known 10th-century 4 x 4 magic square on display in the
Parshvanath Jain temple in Khajuraho, India, [4] and Fig 2 [3] refers to well-known Sri
Rama Chakra; both having magic constant 34.

711211 |14 9116| 5| 4
2113|8111 71211114
16| 3 |10 5 12|113] 8 | 1
916115 4 63]10]|15

Fig. 1: The ChautisaY antra Fig. 2: The Sr1 Rama Chakra
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(C) Dot Products of Magic Squares

i. Column Dot Product of two Magic Squares

Let C and C’ be any two columns of two magic squares A and A’ of order n. If
ai,as, - ,a, and aj, ab, - ,al, are the elements of the C' and C’ respectively, then the

dot product of C' and C’ denoted by C.C’ is defined as

n
C.C' = E ai, a.
i=1

For example, two magic squares A and B are given in such a way that

16 5 4 9 7 3 13 2 16
2 11 14 7 10 8 11 5
A= and A =
13 8 1 12 15 1 14 4
3 10 15 6 | 7 12 7 9 |

Then one of the column dot products of A and A’ are given by
C1-C1=16x3+2x10+13x15+3 x 6 =281
Also one of the row dot products of A and A’ are given by
R3 Ry =13x6+8x12+1x7+12x 9 =289.

(D) Strongly Magic Square (SMS) : Generic Definition

Let A = [a;j] be a matrix of order n? x n?, such that

TLQ
Zaij:p for i=1,2,---,n? (4)
7=1
n2
Y aj=p for i=1,2-- 0 (5)
j=1

'r‘L2 n2
dai=p D i1 =p (6)
i=1 i=1

n—1n—1

Zzai+k7j+l =p for 7’7] = 1727"' ,7’L2 (7)

=0 k=0
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where the subscripts are congruent modulo n?.

Equation (4) represents the row sum, equation (5) represents the column sum, equa-
tion (6) represents the diagonal and co-diagonal sum, equation (7) represents the n x n
sub-square sum with no gaps in between the elements of rows or columns which is de-

noted as Mgg or Mgg and p is the magic constant.

3. Properties of Dot Products of Strongly Magic Squares
Proposition 3.1 : If A = [a;;] be a SMS of order 4 and Ry, Ro, R3, Ry and Cy, Ca,C3,Cy
be the rows and columns of SMS respectively, then

(i) R1R2 = R3Ry (ii) R1R4 = RoR3

(iii) C1Ce = C3Cy  (iv) C1Cy = C2Cs
or in general R;R;11 = Rt 2R3 and C;C;11 = Ci42C;43 where i = 1,2,3,4 and the
subscripts should be taken modulo 4.

Proof : The general form of a 4 x 4 Strongly Magic Square is given by

[ a b c d i
p c+d—p a—c+p b+c—p
(8)
£—c £—d L—a £—b
Ll c—a—§ ?’Q—p—b—c -8 %”—c—d_

where p is the magic constant and a, b, c,d € R.

(i) RsRy = p*+2bd+ ac—c* —2pb—2pd + cd + be
RiRy = (a+c)p+2bd+ac—c*+cd+bc—bp—pd
= [p—(b+d)p+2bd+ac—c*+cd+bc—bp—pd since a+b+c+d=p
= p®42bd + ac — ¢ — 2pb — 2pd + cd + be.

Hence R1 Ry = R3Rj4.

(ii) RiRs = ac—a? — L+ 32 12 —pe— £ + 39 _ ¢ — d? = RyRs.

(iii) C1Cy = 2ab + cd + ac — be — ¢ + %b + % _ 3p% _ 3ap +0d = C3Cy. Similarly other
result can also be verified.

Proposition 3.2 : If A = [a;;] be an SMS of order 4 and if Ry, Rp, R3, R4 and

C4,Cy, C3,C4 be the rows and columns then
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(i) RiC1 = R3C3  (ii) RiCy = R3Cy  (iii) R1C1 = R3C

(iv) RiCs = R3Cy  (v) RoC1 = RyC3  (iv) RoCoy = R4Cy

(vii) RoC3 = R4Cy  (vili) R2Cy = R4Cy  or in general R;C; = R;42Cj42
where 7,5 = 1,2, 3,4 and the subscripts should be taken modulo 4.

Proof : From the general form of a 4 x 4 SMS as in Proposition 3.1

(i) RiC1=a?— 2 +bp+ & +cd—ad— &

b 2
R3Cy = a2—2+p26+cd—ad—p(a;c)+p2—pd+p2 (From eq. (8))
o s pe o plp—(btd) pb PP
= a c+2+cd ad 5 +2 pal+2
= a2—02+bp—l—%+cd—ad—%d:RlCl
1) R1Co =ab+0c—0p+ F — 2ca+ =5-. Now
i) RiCy = ab+ be —bp + %L — 2cd + 224 N
2
R3Cy = ab+bc—2cd—l—%+pd—%—%pb (From Eq. (8))
2
p 3pd pd pa pb
= —9 LIt Y i U e Y
ab + bc cd—i—2 + 2 2 2 5 pb
2
d
= ab—i—bc—QCd—l—%—F%—g(a—l—b—l—d)—pb
2 3pd
= ab—l—bc—ch—i—%—l—%—g(p—C)—pb

= RCh.

(iii) R1C3 = ab — bc+ bp — %d + % (From Eq. (8)). Now

b 2
RyCy = ab—be+ - —L+5 —pd  (From Eq. (8))
2
= ab—bc—i—bp—g(a—i-b)—i-%—pd
_ p P’
= ab—bc+bp—§(p—(c+d))+§—pd
pd cp

= (Ib—bC‘i‘bp—?—F?:Rng
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(iv) RsCy = ad + b* —d? — cd + & + pd — % — 3 (From Eq. (8)). Now,
d
RiCy = ad+0?—d*—cd—bp +5p+3§ (From Eq. (8))
d
= ad+ b —d®—cd—bp+ " 3%

(
2
2 3pb
- ad+b2—d2—cd+%+pd—%—%:R;J,C’Q.

p—(a+b+d))+

(v) R4C3 = 2¢* — 2ac+be+2ap —2cp —ab+ & — & —bp + p (From Eq. (8)). Now,

b
RyCy = 262 — 2ac+ be + 2ap — 2cp — ab + pd + % — 5'0 (From Eq. (8))

= 202—2ac+bc+2ap—2cp—ab+pd+g(p
2 d
= 202—2ac+bc—|—2ap—20p—ab+%—%—bp—f—%:R4C'3.

—(b+c+d)—

(vi) RoCy = 3cd + d® — ad — b — 2bc + 2% — 3pd + % (From Eq. (8)). Now,

d
R,Cy = 30d+d2—ad—b2—260—%+3pb % % (From Eq. (8))
Tp(b—d
— 3ed+d> —ad — b — 2bc + p(2 ) _ (; )+”2
b—d d 2
= 3cd+d2—ad—b2—2bc+7p( ) _plp—(at ))4_&
2 2 2
pb
= 36d+d2—ad—b2 256—1—%—3 d+ 2 = RyC5.

(vii) R4C1 = 2pc + 2ac — ¢ — a® + ad — cd — 2ap + % —pb— 5 + %d (From Eq. (8)).

Now

RyC3 = 2pc+2ac—c® —a®+ad—cd — 2a,0—|—,0d—|—pa % (From Eq. (8))
= 2pc+2ac—c2—a2+ad—cd—2ap+pd+ ( — (¢ ;C+d))—/)2b
= 2pc+2ac—02—a —I—ad—cd—i—Qa,o—l-pj— b—f—l-ﬁl—Rlel

2 2
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(vili) RoCy = pd — 2 + 22 4+ be —ab— & (From Eq. (8)). Now,

2
d
R,Cy = %—pb+%—%+bc—ab (From EQ. (8))
2
_ b plbte)  pd
= 5 5 5 +2+bc ab
2
_ b plp=latd) pd
= 5 9 5 +2+bc ab
b 2
— d—%+p—;+b—ab—p—:RgC4

Proposition 3.3 : If A = [a;;] be a SMS of order 4 and Ry, Ro, R3, Ry and C1, Ca,C3,Cy
be the rows and columns of SMS respectively, then

(i) RiRi = RiyoRiyo (i) C;C; = Ci2Ci40

ie. (i.1) RiRy = RsRs (i.2) RyRy = R4R4 (ii.1) C1C1 = C3C5 (ii.2)
CyCoy = C4Cy.
Proof : From the general form of a 4 x 4 SMS as in Proposition 3.1
(i.1) RiR1 = a®> + b* + ¢? + d? (From Eq. (8)). Now,

R3R; = (g—c)2+(g—d)2+(g—a)2+(g—b)2 (From Eq. (8))

= @+’ +2+d*=RiR;.

(i.2) RoRy = (p)2 + (c+d—p)?>+ (a —c+p)® + (b+ c— p)? (From Eq. (8))
=a? + b2 +d? + 3c® + 2bc — 2ac + 2cd + 4p® — 6pc + 2pa — 2pb — 2pd. Now,

RiRy = a?+b%+d?+ 3¢+ 2bc — 2ac + 2¢d + 5p? — Tpe + pa — 3pb — 3pd
= RoRy —2pa+ p* — pc— pb— pd + pa
= RyRy —2pa+p* — pc— p(p— (a+¢c)) + pa = RoRy

(ii.1) C1C1 = 2a® + 2p? + 2¢® — 2pc — 2ac + ap = C3C5 (From Eq. (8)).
(ii.2) CoCy = 2b® +2c2 +2d% + L p? +2¢d — 5cp— 3pd +2bc — 3pb = CyCy. (From Eq. (8)).

4. Conclusion
Magic squares may be treated somewhat more seriously in different mathematical courses.
The study of strongly magic squares is an emerging innovative area in which mathemati-

cal analysis can be done. This paper aims to explore some of the advanced mathematical
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properties of strongly magic squares. Certainly more can be done in the context of vec-

tor algebra.
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