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Abstract

A graph labeling is an assignment of integers to the vertices or edges or both subject
to certain conditions. In [4], we introduced the new concept, an absolute difference
of cubic and square sum labeling of a graph. The graph for which every edge label
is the absolute difference of the sum of the cubes of the end vertices and the sum of
the squares of the end vertices. It is also observed that the weights of the edges are
found to be multiples of 2. Here we characterize few graphs for absolute difference
of cubic and square sum labeling.

1. Introduction

All graphs in this paper are finite and undirected. The symbol V' (G) and E(G) denotes
the vertex set and edge set of a graph G. The graph whose cardinality of the vertex set
is called the order of GG, denoted by p and the cardinality of the edge set is called the
size of the graph G, denoted by q.

A graph with p vertices and ¢ edges is called a (p, q) graph.
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A graph labeling is an assignment of integers to the vertices or edges. Some basic
notations and definitions are taken from [1], [2] and [3]. Some basic concepts are taken
from Frank Harary [1]. We introduced the new concept, an absolute difference of cubic
and square sum labeling of a graph [4]. In [4], [5], [6], [7], [8], [9], [10], [11], [12] and
[13], it is shown that planar grid, web graph, kayak paddle graph, snake graphs, armed
crown, fan graph, friendship graph, windmill graph, cycle graphs, wheel graph, gear
graph, helm graph, 2-tuple graphs, middle graphs, total graphs and shadow graphs
have an adcss-labeling. In this paper we investigated an Absolute Difference of cubic
and Square Sum labeling of some classes of graphs.

Definition: 1.1 [4] : Let G = (V(G), E(G)) be a graph. A graph G is said to be an
absolute difference of the sum of the cubes of the vertices and the sum of the squares
of the vertices, if there exist a bijection

f:V(G) — {1,2,...,p} such that the induced function

: E(G) — multiples of 2 is given by

*
adcss

[hess(uv) = [f(w)? + f(0)? = (f(w)* + f(v)?) ‘ is injective.

Definition: 1.2 : A graph in which every edge associates distinct values with multi-
ples of 2 is called the sum of the cubes of the vertices and the sum of the squares of
the vertices. Such a labeling is called an absolute difference of cubic and square sum

labeling or an absolute difference css-labeling.

2. Main Results

Definition 2.1 : A barbell graph B(p,n) is the graph obtained by connecting n-copies
of a complete graph K, by a bridge.

Theorem 2.1 : The barbell graph B(p,n) is the absolute difference of the css-labeling.
Proof : Let G = B(p,n) and let vq, va, ..., vy, are the vertices of G.

Define a function

f:V—={1,2,3,...,np} by

fvi)=1,i=1,2,...,np

For the vertex labeling f, the induced edge labeling is defined as follows

;dcss
Friess (Vpieptk Vpiptj) = i —p+ k)2 (pi—p+k—1)+ pi—p+j)(pi—p+j—1)
k=1,23,....p—1, j=k+1,k+2,...,p,i=1,2,3,....n
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f;dcss(vpi*erl UpiJrl) = (ip —p+ 1)2(ip - p) + (ip + 1)2(ip)v 1=1,2,3,...,n—1
All edge values of G are distinct, which are multiples of 2. That is the edge values of
G are in the form of an increasing order. Hence B(p,n) admits absolute difference of

css-labeling.

Example 2.1 : G=B(p=5, n=3)

Fig-1

Definition 2.2 : A gear graph is an extension of a wheel graph, by adding a vertex
between each pair of adjacent vertices in the n- cycle of a wheel graph. We will denote
a gear graph by G, where n is the number of vertices in the cycle of the wheel graph.
Hence the number of vertices in any gear graph G, is 2n + 1.

Theorem 2.2: The gear graph G,, is the absolute difference of the css-labeling.
Proof: Let G = G,, and let vy, v, ..., vo,41 are the vertices of G.

Define a function

f:V—={1,23,...,2n+ 1} by

flo)=1i,i=1,2,....2n+1

For the vertex labeling f, the induced edge labeling is defined as follows

*
adcss

Fgess (Vi vip1) = i2(i — 1) + (i + 1)%, i=2,...,2n
f(;kdcss(vl U2i) = (2Z)2(2Z - 1)7 1= 17 27 —

f;dcss(UZ ’U2n+1) 4+ (2n —+ 1)2(2n)
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All edge values of G are distinct, which are multiples of 2. That is the edge values
of G are in the form of an increasing order. Hence G, admits absolute difference of
css-labeling.

Example 2.2: G =G5

Ug

Fig 2

Definition 2.3 : To form a Helm graph, denoted here by H,,, we take the wheel graph
W,, and append a pendant edge to each vertex of the n-cycle.

Theorem 2.3: The Helm graph H,, is the absolute difference of the css-labeling.
Proof : Let G = H,, and let vy, vg,...,v2,41 are the vertices of G.

Define a function

f:V—=1{1,23,...,2n+ 1} by

flo)=1i,i=1,2,....2n+1

For the vertex labeling f, the induced edge labeling f, .. is defined as follows
f;dcss(vi Ui-i-l) = i2(i - 1) + (Z + 1)2i7 1=2,...,n
f;dcss(vl UiJrl) = (Z+ 1)2i7 1=1,2,...,n

FriessWi vngi) = P-4+ m+i)*n+i-1), i=2,...,n+1

)
f;dcss(v2 Un—l—l) = 4+ (7’L + 1)2n
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All edge values of G are distinct, which are multiples of 2. That is the edge values
of G are in the form of an increasing order. Hence H, admits absolute difference of
css-labeling.

Example 2.3: G =H,y

@7

Fig-3

Theorem 2.4 : The graph corona of a cycle (), is the absolute difference of the css-
labeling.

Proof: Let G = ), ® K7 and let v1, vo,..., v, are the vertices of G.

Define a function f:V — {1,2,3,...,2n} by

flo)=1i,i=1,2,...,2n

For the vertex labeling f, the induced edge labeling f;, .. is defined as follows

f;dcss(vi vn+i) - 12(2—1)+(TL+Z)2(7”L—|—Z—1), 1=1,2,...,n.
fraess(Vi vig1) = i2(i — 1) + (i + 1)%, i=1,2,...,n— 1.
f;dcss(vl Un) = n2(n - 1)

All edge values of G are distinct, which are multiples of 2. That is the edge values of
G are in the form of an increasing order. Hence corona of cycle C, admits absolute

difference of css-labeling.
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Example 2.4: G=C50 K;

Definition 2.4 : The graph ng) is the one point union of m-copies of the complete
bipartite graph Ko, . Let vy, v2,... vy, be the vertices of the graph ng) with degree
n. Join the vertices (v1,v2), (v2,v3),..., (Vm-1,Vm) and (vm,,v1), we get another graph
denoted by C(K™).

Theorem 2.5 : The graph C (KSZ)) is the absolute difference of the css-labeling.
Proof : Let G = C(Kémn)) and let v1, v2,..., Umnime1 are the vertices of G.

Here |V(G)| =mn+m+ 1 and |E(G)| = (2n+ 1)m

Define a function

f:V—A{1,2,3,....nm+m+1} by
flw)=1,i=12,....,.nm+m-+1
For the vertex labeling f, the induced edge labeling f, .. is defined as follows

Jodess(Vi Vig1) = i2(i — 1) + (i + 1)%, t=nm+2,nm+3,....,nm+m+1
f*dcss(vi Ul) = i2(i_1)> i=2,3,...,nm+1

a
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fadess(Vnm+2 Vnmam1) = (nm + 2)%(nm + 1) + (nm + m + 1)*(nm + m)

FadessUG-ynvit1Vnmsje1) = {(G = Dn +i + 1F{( — Dn + i} + (nm + 5 + 1)*(nm + j)
i=1,2...m, i=12...n

All edge values of G are distinct, which are multiples of 2. That is the edge values of

G are in the form of an increasing order. Hence C' (Kéfz)) admits absolute difference of

css-labeling.

Example 2.5 :

Theorem 2.6 : The graph K, ©® 2F,, is the absolute difference of the css-labeling.
Proof: Let G = K1, © 2P, and let v, va,...,V2mnt+n+1 are the vertices of G.
Here |V(G)| = 2mn+n+1 and |E(G)| = (2m + 1)n.

Define a function

f:V—A{1,23,....2mn+n+ 1} by

flo)=1,i=1,2,....2mn+n+1
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*

For the vertex labeling f, the induced edge labeling f;, .. is defined as follows

f;dcss(vi U(i—l)m-i—n-i—l) - 22(7’ - 1) + {<Z - 1)m +n+ 1)}2{(1 - l)m + n}al =1,2,...,n
Friess (Vi Vingictymant1) = (=1 +{(n+i—Dm+n+1)}*{(n+i—1)m+n},
1=1,2,...,n

Srdess(VG—Dymtnti VG—Dymtntict) = L0 — Dm+n+i*{(j — Dm+n+i—1}
+{G—-1Dm+n+i+1}*{( - 1)m+n+i}
7=12,...n, 1 =1,2,..m—1

fadess (VG —1yminmanti VG—D)mtnmantitr) = {7 — Dm +nm +n+ i*{(j — Dm + nm
+n+i—1}+{(G - )m+nm+n+i+1}>
{(j—1)m+nm-+n+i}
i=12...n,i=12,...m—1

F{vomninss vi} = {2mn +n + 12 2mn+n} +i2(i—1), i=1,2,3,...,n

All edge values of G are distinct, which are multiples of 2. That is the edge values of G

are in the form of an increasing order. Hence K1 , ® 2P, admits absolute difference of

css-labeling.

Example 2.6 : G =K;402P;
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Va4 V43 Ugo V41 Vao U0 T11 12 tha Y4

U3p V31 Uiz Uaz Uy

References

[1] Harary F., Graph Theory, Addison-Wesley (1972).

[2] Joseph A Gallian, A dynamic survey of graph labeling, The Electronic Journal
of Combinatorics, (2015), #DS6.

[3] Mathew Varkey T. K., Some Graph Theoretic Generations Associated with
Graph Labeling, PhD Thesis, University of Kerala, (2000).

[4] Mathew Varkey T. K., Sunoj B. S., A note on absolute difference of cubic
and square sum labeling of a class of trees, International Journal of Scientific
Engineering and Applied Science,2(8) (August 2016), 293-296.

[5] Mathew Varkey T. K., Sunoj B. S., An absolute difference of cubic and square
sum labeling of splitting graphs, International Jounal of Computer & Mathe-
matical Sciences, 5(Issue-8) (August 2016), 16-18.

[6] Mathew Varkey T. K., Sunoj B. S., ADCSS labeling of cycle related graphs,
International Journal of Scientific Research & Education, 4(Issue-8) (August
2016), 5702-5705.

[7] Mathew Varkey T. K., Sunoj B. S., An absolute difference of cubic and square
sum labeling of certain class of graphs, International Journal of Mathematics
Trends and & Technology, 36(1) (August 2016), 77-79.

[8] Mathew Varkey T. K., Sunoj B. S., Some new results on absolute difference

of cubic and square sum labeling of a class of graphs, International Journal of
Science & Research, 5(Issue-8) (August 2016), 1465-1467.



10 B. S. SUNOJ & T. K. MATHEW VARKEY

[9] Mathew Varkey T. K., Sunoj B. S., ADCSS- of product related graphs, Interna-
tional Journal of Mathematics And its Application, 4(Issue-2B) (August 2016),
145-149.

[10] Mathew Varkey T. K., Sunoj B. S., ADCSS-Labeling of 2-tuple graphs of some
graphs, IOSR Journal of Mathematics, 12(Issue-5), Version-5 (sept- Octo, 2016),
12-15.

[11] Mathew Varkey T. K., Sunoj B. S., ADCSS-Labeling for some total graphs, In-
ternational Journal of Mathematics Trends & Technology, 38(1) (October 2016),
1-4.

[12] Sunoj B. S., Mathew Varkey T. K., ADCSS-Labeling for some middle graphs,
Annals of Pure and Applied Mathematics, 12(2) (2016), 161-167.

[13] Mathew Varkey T. K., Sunoj B. S., ADCSS-Labeling of shadow graph of some

graphs, Journal of computer and Mathematical Science, 7(11) (November 2016),
593-598.



