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Abstract
In this paper we derive the explicit formula for sequential series-parallel system by
using induction method and we also obtain the optimal number of redundant com-
ponents of the system of general series-parallel system and sequential series-parallel
system under the consideration of cost minimization. The comparative study of
both types of reliability-configuration is carried out from the cost point of view. To
show the applicabibility of the reliability models under study the numerical illus-
trations have also been obtained.

1. Introduction

Reliability is the probability that a system will perform its intended work satisfactorily

for a specified operating condition. Reliability of complex system is studied under

various structural framework such as series structures, parallel structures, series-parallel

structures, parallel-series structures, sequential structures, combined structures. Series
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system is characterized by the property that the failure of one of these components

means the failure of whole system. Due to this fact system may have less durability

so to avoid this it is usual to use redundant system is characterized by the property

that the failure of one of these components means the failure of whole system. Due to

this fact system may have less durability so to avoid this it is usual to use redundant

components on parallel to guarantee a certain level of reliability. From time to time

study of optimization of reliability of complex systems, their analysis and evaluation

have been getting the attention of several authors so it is worth noting to mention some

of the contributions. Djerdjour and Rekab [5] presented a nonlinear integer program-

ming model n the evaluation of reliability of series- parallel system. Ruan and Sun [15]

derived exact solution for cost minimization by using greedy algorithm. Castro et al.

[1] introduced an algebraic method based on Grobnerbase to obtain exact solution of

cost minimization of series - parallel system. Xiao et al. [21] proposed sensitivity anal-

ysis method based on P-boxes interval algorithm, linear aggression analysis. Chun et

al. [3] developed Chun-song-paulino(CSP) method to compute parameter sensitivities

of system failure probability by using sequential compounding method. Lee et al. [10]

compared of max-min approach and Nakagawa and Nakishima method for reliability of

series-parallel system.Vargas et al. [18] obtained the exact solution of cost minimization

of series-parallel system with multiple component choices using an algebraic method

and they also compared to other approaches in the literature and standard nonlinear

solvers. El. Said and Raghab [6] studied the availability and reliability of the of the

preventive maintainable model with two types failures (type 1 and type 2) by using

supplementary techniques and laplace transforms.

Redundancy is a common approach to improve the reliability and availability of a sys-

tem. Adding redundancy increases the cost and complexity of a system design and

with the high reliability. If cost does not play vital role in this case use of redundant

components may be the attractive options such as machinery of aero plane, equipments

of nuclear power plants. As we know that use of redundant obviously increase the re-

liability but motto of the scientist is to design the structure of redundant components

so as to minimize the number of components and cost ultimately. Many researchers

are engaged to model the structure of redundant components of complex system. Tian

et al. [16] applied a practical approach for joint reliability redundancy optimization of
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multistate series-parallel systems. Liang and Smith [11] solved redundancy allocation

problem by using an ant colony meta-heuristic optimization method. Yalaoui et al.

[22] investigated the problem as an linear integer programming in redundancy alloca-

tion in a parallel-series system reliability by with the help of decomposition approach.

Linmin [12] introduced the availability equivalence factor method to compare different

system designs wherein two types of availability equivalence factors of the repairable

multi-state series-parallel system are derived. Dhillon [4] made the study of income

optimization analysis of a repairable system composed of two units in parallel and one

warm standby. Tian et al.[?] developed recursive algorithms for efficient performance

evaluations of the multi-state k-out-of-n system models. Wang et al. [19] investigated a

multi-state Markov repairable system with redundancies to evaluate the reliability. Li

and Zuo [20] presented a recursive algorithms for reliability evaluation of multi-state

weighted k-out-of-n systems. Hu et al. [8] extended the concept of availability equiva-

lence from general binary repairable system to discrete multistate parallel - series system

with different performance rate by universal generating function technique.

In this paper we set up the system of equations and derive the explicit formula for

sequential series - parallel system by using induction method and we also obtain the

optimal number of redundant components of the system of general series - parallel sys-

tem and sequential series - parallel system under the consideration of cost minimization.

The comparative study of both types of reliability- configuration is carried out from the

cost point of view.

2. Mathematical model

m number of subsystem.

ni number of different types of available components for the i-th subsystem,i = 1, 2, ...,m.

Rij reliability of the j-component for the i-th subsystem,i = 1, ...,m, j = 1, ..., ni.

R0 admissible level of reliability of the whole system.

xijnumber of redundant of j-th components used in i-th subsystem, i = 1, ...,m, j =

1, ..., ni
cijcost of j-th component for i-th sub system,i = 1, ...,m, j = 1, ..., ni
uijupper bounds of number of j-th components for the i-th subsystem,i = 1, ...,m, j =

1, ..., ni
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λij rate of failure of j-th component for the i-th subsystem,i = 1, ...,m, j = 1, ..., ni
In our model, we make the following assumptions:

• Components have two states: working or failed.

• The reliability of each component is known and is deterministic.

• Failure of individual components are independent.

• Failed components do not damage other components or the system, and they are

not repaired.

2.1 Reliability of series - parallel system

A series parallel system consists of m disjoint subsystem that are connected in series

and subsystem i for 1 ≤ i ≤ m consists of ni components that are connected in parallel.

The reliability block diagram of a series parallel system is given in Figure. In such a

series parallel system, there are m minimal cuts and they do not have any components

in common.The reliability of this system can be obtained by:

Rsp =
m∏
i=1

[1−
ni∏
j=1

(1−Rij )];Rsp =
m∏
i=1

[1−
ni∏
j=1

(1− e−λij t)] (2.1)

2.2. Reliability of Perfect Sensing and Switching Mechanism

Perfect Sensing and Switching Mechanism When the sensing and switching mechanism

is perfect, that is, instantaneous and failure free, a standby component is switched into

operation as soon as the active component becomes failed. The system fails when the

last component fails in active operation.
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For a cold standby system with n different components.

when n = 1,R1(t) = e−λt

when n = 2,

R2(t) =
λ2

λ2 − λ1
e−λ1(t) +

λ2

λ2 − λ1
e−λ2(t) = [

2∑
j=1

e−λj(t)
∏
i 6=j

λi
λi − λj

]

when n = 3,

R3(t) =
λ2

λ2 − λ1
e−λ1(t) +

λ2

λ2 − λ1
e−λ2(t)

−λ1λ2[(λ2 − λ3)e−λ1(t) + (λ3 − λ1)e−λ2(t) + (λ1 − λ2)e−λ3(t)]
(λ1 − λ2)(λ2 − λ3)(λ3 − λ1)

= [
3∑
j=1

e−λj(t)
∏
i 6=j

λi
λi − λj

]

Therefore in general for n number of components in sequential standby system, the

system reliability is

Rs(t) =
n∑
j=1

e−λjt
∏
i 6=j

λi
λi − λj

(2.2)

2.3 Sequential Series-parallel System

A sequential series - parallel system consists of m disjoint subsystem that are connected

in series and subsystem i for 1 ≤ i ≤ m consists of ni components that are connected in

parallel. The reliability block diagram of a series.parallel sequencing system is given in

figure. In such a sequential series - parallel system, there are m minimal cuts and they

do not have any components in common.
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For i=1 and n1 = 1,

Rs(t) = e−λ11 t = [
n1=1∑
j=1

e−λ1j
t
∏
α 6=j

λ1α

λ1α − λ1j

]

For i=2 and n1 = 1, n2 = 2

Rs(t) = [e−λ21 t[
λ22

λ22 − λ21

] + e−λ22 t[
λ21

λ21 − λ22

]] ∗ e−λ11 t

= [
n2=2∑
j=1

e−λ2j
t
∏
α 6=j

λ2α

λ2α − λ2j

] ∗ e−λ11 t

=
2∏
i=1

ni∑
j=1

e−λij t
∏
α 6=j

λiα
λiα − λij

For i=3 and n1 = 1, n2 = 2, n3 = 3

Rs(t) = [e−λ31 t[
λ32

λ32 − λ31

λ33

λ33 − λ31

] + e−λ32 t[
λ31

λ31 − λ32

λ33

λ33 − λ32

]

+e−λ33 t[
λ31

λ31 − λ33

λ32

λ32 − λ33

]] ∗ [e−λ21 t[
λ22

λ22 − λ21

] + e−λ22 t[
λ21

λ21 − λ22

]] ∗ e−λ11 t

= [
n3=3∑
j=1

e−λ3j
t
∏
α 6=j

λ3α

λ3α − λ3j

] ∗ [
n2=2∑
j=1

e−λ2j
t
∏
α 6=j

λ2α

λ2α − λ2j

] ∗ e−λ11 t

=
3∏
i=1

ni∑
j=1

e−λij t
∏
α 6=j

λiα
λiα − λij

Therefore in general for m subsystem and ni components in sequential series - parallel

system, the system reliability is
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Rst =
m∏
i=1

ni∑
j=1

e−λij t
∏
α 6=j

λiα
λiα − λij

(2.3)

where i = 1, 2, 3, ...,m,; j = 1, 2, 3, ..., ni; α 6= j;α ∈ j.
2.4 Optimization of the Model

The optimization problem can be formulated for series parallel system as:

minimize C(x) =
m∑
i=1

ni∑
j=1

Cij ∗ (xij )

subject to the constraints

Rs(t) =
m∏
i=1

[1−
ni∏
j=1

(1−Rij )
xij ] ≥ R0

x ∈ X = (x|0 ≤ xij ≤ uij , i = 1, 2, ...,m, j = 1, 2, .., ni) (2.5)

For sequential series - parallel standby system

minimize C(x) =
m∑
i=1

ni∑
j=1

Cij ∗ (xij )

subject to the constraints

Rs(t) =
m∏
i=1

ni∑
j=1

(Rij )
xij (

∏
α 6=j

λiα
λiα − λij

) ≥ R0

x ∈ X = (x|0 ≤ xij ≤ uij , i = 1, 2, ...,m, j = 1, 2, .., ni) (2.6)
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3. Numerical Results and Interpretations

(i). If m = 1 and n = 1 and c11 = 2; c21 = 3; c22 = 4; c31 = 2; c32 = 3; c33 = 5;λ11 =

0.1;λ21 = 0.2;λ22 = 0.3;λ31 = 0.11;λ32 = 0.21;λ33 = 0.31; t = 3

then the graph given by equation(1) and (2) is shown in figure(4).

Graph explores that for single component reliability remain the same for both the struc-

tures, sequential series - parallel system and series-parallel configurations which is quite

natural.

(ii). If m = 3, n1 = 1, n2 = 2 and n3 = 3 and c11 = 2; c21 = 3; c22 = 4; c31 = 2; c32 =

3; c33 = 5;λ11 = 0.1;λ21 = 0.2;λ22 = 0.3;λ31 = 0.11;λ32 = 0.21;λ33 = 0.31; t = 3

using the same above equations(1)and (2), the graph is shown in figure (5).

Graph explains that sequential series - parallel system has higher reliability than that

of ordinary series-parallel system.
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(iii). For general series-parallel system

c11 = 2; c21 = 3; c22 = 4; c31 = 2; c32 = 3; c33 = 5;λ11 = 0.1;λ21 = 0.2;λ22 = 0.3;λ31 =

0.11;λ32 = 0.21;λ33 = 0.31; t = 3;u11 = 5;u21 = 6;u22 = 7;u31 = 8;u32 = 9;u33 =

10;R0 = 0.9;

(iv). For sequential series - parallel system

c11 = 2; c21 = 3; c22 = 4; c31 = 2; c32 = 3; c33 = 5;λ11 = 0.1;λ21 = 0.2;λ22 = 0.3;λ31 =

0.11;λ32 = 0.21;λ33 = 0.31; t = 3;u11 = 5;u21 = 6;u22 = 7;u31 = 8;u32 = 9;u33 =

10;R0 = 0.9;
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For the same objective function of series-parallel reliability system when we consider

first and second constraints the minimum cost comes out to be 46.2181 for the number

of redundant components x11 = 4, x21 = 0, x22 = 1, x31 = 0, x32 = 10, x33 = 1. Further

more minimum costs are obtained by taking two constraints among many constraints

at a time in the alteration . Among them least minimum cost is 19.07703 corresponding

to redundant components x11 = 1, x21 = 1, x22 = 0, x31 = 4, x32 = 1, x33 = 0. Where

as in sequential series - parallel system by the same alteration of two constraints the

least minimum cost value is 8.1558 corresponding to redundant components x11 = 0,

x21 = 0, x22 = 0, x31 = 3, x32 = 0, x33 = 0.

Thus we come to conclusion that optimal solution in sequential series - parallel system

have least cost with compared to ordinary series-parallel system obtained by Vargas et

al. [18]. Optimization the tables show that cost is minimum in every corresponding con-

straints taken in sequential series - parallel system compared to ordinary series-parallel

system which also agrees with the graphical illustrations of reliability that the system

has maximum reliability in sequential series-parallel system compared to ordinary series-

parallel system.
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4. Discussion and Conclusion

We have derived the explicit formula for sequential series - parallel system and we have

also obtained the optimal number of redundant components of general series - parallel

system and sequencing series - parallel system under the consideration of cost mini-

mization. The comparative study of both type of reliability- configuration has also been

carried out from the cost point of view. Sequencing series- parallel system works more

efficiently than ordinary series-parallel system not only by point of view of to reliability

but also from the decrease of cost of the operations of the system. The reliability and

optimization of series-parallel system and sequencing series-parallel system may have

ubiquitous applications in nuclear power plants, aero space industries, telecommunica-

tions, complex manufacturing system, textiles industries and machinery systems.
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