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A NOTE ON BETA FUNCTION AND LAPLACE TRANSFORM
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Abstract

In this article, we use the Laplace Transform and Inverse Laplace Transform to
prove the identities of beta function. It is possible that this technique of proof may
be applied to solve the other problems involving beta function.

1. Introduction
The beta function [1], also called the Euler integral of the first kind, is a special function

defined by B(p,q) = fol 2P~1(1 — 2)97tdz for Re(p) > 0, Re(q) > 0.
The gamma function [2], also called the Euler integral of the second kind, is defined as

convergent improper integral I (n f e~z tdx for Re(n) > 0.

Properties of beta function:

1. B(p,q) = B(q,p)

2. fo (lf; ;H dz, Re(p) > 0, Re(q) > 0

3. B(p,q) =2 foi sin@*~Lcosh?1dx, Re(p) > 0, Re(q) > 0
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The key property of beta function is B(p, q) = l}(ﬁzi%),

transform by Charng-Yih Yu in [3].

which is proved by using Laplace

Identities of beta and gamma function:
1. B(p,q) = B(p+1,9) + B(p,g+1),p,¢ >0
2. B(p,g+1)=1B(p+1,q9) = ;L. B(p.q), p.¢ >0
3. T(p+1)=pl(p),p>0

The proof of identities of beta function requires the following definitions and results.
Definition 1.1 [4] : If f(¢) is defined for all positive values of t, then the Laplace
transform of f(t) is defined as the integral, L{f(t)] = F(s) = [;* e f(t)dt, provided
that integral exists for complex parameter s, and f(t) = L7![F(s)] is called as the
inverse Laplace transform of F'(s).

Lemma 1.2 [4] : Convolution Theorem: L~![F(s)] = f(t), and L~'[G(s)] = g(t), then
L7YF(s)G(s)] = f(f f(x)g(t — z)dx = f(t) * g(t), where x denotes the convolution of
7(t) and g(t).

1 —1,.9— I'(p)l
Lemma 1.3 [3] : If p > 0, ¢ > 0, then fo (1 — )P 1zt lde = F(ZerE;%)'

2. Main Results
Lemma 2.1 [4] : Relation between Gamma function and Laplace transform: If s > 0,
then L[t"] = %

Proof : Consider L[t"] = [ e™*"t"dt

put st = x, t = T and dt = d?x (new limits are z = 0 to x = oo ), therefore L[t"] =

Joemm(2yrde = L o0 emag(nt)-1gy - L) 0

0 s s — sntl JO sntl

Theorem 2.2 : If p > 0, ¢ > 0, then

1. B(p,q) = B(p+1,9) + B(p,q +1)
2. B(p,q+1) = 4B(p+1,q) = ;4 B(p,q)
Proof : 1.
ConsiderR.H.S. = B(p+1,q9) + B(p,q+ 1) (1)

1 1
= / PO — )t 4 / 2?1 — z) gy (2)
0 0
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put x =¥ dr = 4y in above integrals. (new limits are y=0, y=t)

t d t d
R.H.S.:/O (i)<ﬁ+l>—1(1y)q—ly+/o Gy-1(1 - Y@1Y

125

t t t t t
[ yPHD=1 (¢ — 4)a-1 ot Eyp=1(t — y)lat)=1 p
o tp+q Y 0 tp+q Y
_ t (PHD=1( — )9 dy + 1 ' Pl — g)latD=1g
wta [, 7 R T y y
By Lemma 1.2
_ b ner -1y et LS T P O
R.H.S. = tPT‘lL [L[t JL[t ] + tquL [L[tP~ ] L]t 1]
By Lemma 2.1
_ 1 4 P(p+1)I(g) 1 4 I(pT(g+1)
R.H.S. = tp+qL [ gp+1 <4 ] tp+qL [ sp ga+1 ]
! 1 1 .
gl PV LT [yl + T D e+ ) L oy ] (8)

Since L~1[L] = ,

RHS.= T(p+1T L) e
HS = —— 1 1
et PHOT) g Ty + el PIT @+ 1)

F(p+ 1) () +T ()T (¢+1)
L(p+q+1)

By identity I' (p + 1) = pI" (p),

(r+9l'(p)r(g)

(p+l'(p+q)

_ ')
I'(p+q)

= B(p.q)

R.H.S. =

1
ConsiderB(p,q+ 1) = / 2P~ (1 — )@t -1gg
0

L(p+q+1)
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put x =¥ dr = % , in above integral. (new limits are y=0, y=t)
t
_ _qd
Blpg+1) = [ (Gpia- Y1 (15)
0
top—1(¢ — ) (a+1)—1
_ [Ty (t—y)
o /0 tp+a dy (16)
IR L -
= ), ¥ y) D dy (17)
By Lemma 1.2
| _ _
Blp,g+1) = L ML L) (18)
By Lemma 2.1
_ 1 4 T®le+1)
B(p7q + 1) - tp+qL [ gP Sq+1 ] (19)
1 1
- PO+ D) L ] (20)
: —1717 _ ¢t
Since L™ [ 5] = Ok
1 tPta
__da(@T(9) (22)
P+l (p+q)
q
_ Blp, 23
s Bla) (25)
I'(p)T(g+1)
Also, B(p,q+1) = —2- T2 24
s0, B(p,q+1) Totqil) (24)
pL'(p+q+1)
pI'(p+1+q)
= Z%B(JD +1.q) (27)
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3. Conclusion
The Laplace transform technique can be used to solve problems involving Beta function

instead of probability theory.
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