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Abstract

In this paper we prove a coincidence theorem for systems of single-valued and multi-

valued maps on finite product of metric spaces. Our result generalizes the results

of Matkowski [14], Czerwik [3], Singh-Kulshreshtha [26] and others. We also gave

some remarks on the paper of Gairola et al. [4] and Chauhan et al. [2].
1. Introduction
In 1973 Matkowski [14] generalized the Banach contraction principal for a system of n
maps on a finite product of metric spaces. Czerwik [3] extend this result for a system
of multi-valued maps. After that the result of Matkowski [op. cit.] has been extended
and generalized by several authors (see, for instance Reddy- Subrahmanyam [21]-[22],
Singh-Kulshrestha [26], Singh-Gairola [23]-[24], Baillon-Singh [1], Matkowski-Singh [16],
Gairola et al. [9]-[10], Gairola-Jangwan [5]-[6] and others).
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The study of contractive maps, which does not force the map to be continuous at
the fixed point was initiated by Pant (see [18]-[19]). In [18], Pant proved a common
fixed point theorem without any continuity requirment by introducing the notation of
reciprocal continuity for a pair of single-valued maps. Later on Pant et al. [20] improved
the notation of reciprocal continuity by introducing weak reciprocal continuity for a pair
of single-valued maps which states that if S and T are maps on a metric space (Y, d)
then the pair (S, T) is weakly reciprocally continuous if and only if lim STz, = St or

n—oo

lim TSz, = Tt, whenever{x,} is a sequence in Y such that lim Sz, = lim Tz, =t
n—oo n—oo n—oo
for some ¢ in Y. Recently Gairola et al. [4], extend the idea of weak reciprocal continuity

for a hybrid pair of single-valued and multi-valued maps (cf. Definition 2.6 below).

In this paper we proved a coincidence theorem for systems of single-valued and multi-
valued maps on finite product of metric spaces and showed that the requirement of con-
tinuity is not necessary for existence of coincidence point on product of metric spaces.
We do this by introducing a new class of maps - coordinatewise weakly reciprocally

continuous systems of single-valued and multi-valued maps.

2. Notations and Definitions

Let (Y, d) be a metric space. We follow the following notations of Nadler [17] and Khan
[13].

CL(Y)={A: Ais a non-empty closed subset of Y},

C(Y)={A: Ais a non-empty compact subset of Y}.

For any non-empty subsets A, B of Y and x € Y,

D(A, B) = inf{d(a,b) : a € A,b € B},

d(xz,A) = inf {d(z,a) : a € A},

H(A, B) = max [sup{D(a, B) : a € A},sup{D(A,b) : b € B},

where H is called the generalized Hausdorff metric for CL(Y') induced by metric d and
(CL(Y), H) is called generalized Hausdorff metric space.

Let (a;;) be an n x n square matrix with non-negative entries defined in Matkowski
[14]-[15] (see also [1], [3]).

o ag, 1Fk .
Cike —{ |y, =k i,k=1,...,n (2.1)
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O] ® @ :
cq{C; + ¢l 1€ , 1#k
(1) 11 it 1,k+1 +1,1°1,k+1 #

Ci = o o - (2.2)
Cl1Cit1 e+t — Cit1,1C k1> E =R

t=1,....n—1,4,k=1,....,n—t.
A >sot=1,... ni=1,..n+1-t (2.3)

Throughout the paper we shall assume that (X;,d;),i = 1,...,n, are metric spaces,
(CL(X;), H;)the generalized Hausdorff metric spaces induced by d;. Further, let X =
X XX Xp,x = (21,...,2,) and {2} = {(27",...,20")},m € N (natural numbers)
be a sequence in X. For M = (My,...,M,) C X, we use the notation f(M) =
(fiMy, ..., foMy,) as in [1].

Now we begin by briefly recalling some basic definitions which will be needed in the
sequel. In the following definitions we assume that T; : X — CL(X;),i = 1,...,n, are
multi-valued maps and f; : X — X;,7=1,...,n, are single-valued maps.

Definition 2.1 [1] : Two systems of maps (fi,..., f,) and (11, ...,T,) are coordinate-

wise commuting at a point « € X if and only if
filthz, ..., Thx) CT(fiz,..., fax),i=1,...,n.

For n = 1, this definition is that of Itoh-Takahashi [11].
Definition 2.2 [1] : Two systems of maps (fi,..., fn) and (71, ...,T,) are coordinate-

wise weakly commuting at a point x € X if and only if
Hl(fl(Tlxa s aTnx)yﬂ(flxv s 7fnx)) < Dz(ﬂl‘,le'),l = 17 sy T

For n = 1 this definition is due to Kaneko [12] (see, Singh et al. [25]). Two systems are
coordinatewise weakly commuting on X if and only if they are coordinatewise weakly
commuting at every point of X.
Definition 2.3 [9] : Two systems of maps (f1,..., f,) and (11,...,T},) are coordi-
natewise asymptotically commuting (or simply asymptotically commuting) if and only
if

H;(fi(Tyz™, ..., Tyx™), T;(frz™, ..., fnz™)) = 0 as m — oo,
whenever {2} is a sequence in X such that T;2™ — M; € CL(X;) and fiz™ — t; €
M;,i=1,...,n.
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An equivalent formulation of the above definition for two systems of single-valued maps
appears in [10].

Remark 2.1 : Notice that coordinatewise weak commutativity of two systems of maps
(f1,---, fn) and (T1,...,T,,) on X implies their coordinatewise asymptotic commuta-
tivity, however converse need not be true (see [9]).

Remark 2.2 : Coordinatewise weak commutativity and asymptotic commutativity of
two systems of maps (fi,..., f,) and (T1,...,T,) at a coincidence point z ( that is, when
fiz € Tiz,i = 1,...,n) is equivalent to their coordinatewise commutativity, however
coordinatewise commutativity of systems (fi,..., fn) and (T1,...,T),) is more general
than their weak commutativity and asymptotic commutativity at their coincidence point
z (see Example 2.2 [8]).

Definition 2.4 [8] : Two systems of maps (fi,..., fn) and (71,...,T,) are coordinate-
wise reciprocally continuous on X (resp. at ¢t € X) if and only if f;(Thz,...,Thx) €
CL(X;) for each € X (resp., fi(Tit,...,Tht) € CL(X;),i=1,...,n) and

lim fi(lemv s 7Tnxm) = fZMa lim T‘i(flmma s >fn$m) = T:Lta
m—00 m—00

whenever {2} is a sequence in X; such that n}gnoo T;x™ = M; € CL(X;), mh—IPoo fiz™ =
tie M;,i=1,...,n.

For n = 1, this definition is due to Singh-Mishra [27]. An equivalent formulation of the
above definition for two systems of single-valued maps appears in [7].

If two systems (f1,..., fn) and (T1,...,T,) both are continuous then they are obviously
coordinatewise reciprocally continuous but converse need not be true (see [8], [27]).
Definition 2.5 : Two systems of maps (fi,..., f,) and (T1,...,T,) are coordinatewise
weakly reciprocally continuous on X (resp. at t € X) if and only if f;(Thz,...,Tyx) €
CL(X;) for each z € X (resp., fi(Tit,...,Tht) € CL(X;),i=1,...,n) and

lim fi(Tia™,..., Tua™) = fiM, or lim Ty(fia™,..., fua™) = Tit,
m—0o0 m—00

whenever {2} is a sequence in X; such that lim T;2™ = M; € CL(X;) and lim f;z™ =
m—0o0 m—0oQ

tie Myi=1,...,n.

As a special case of the above definition for n = 1, we have the following definition

introduced in [4].

Definition 2.6 : The mapping f; : X1 — X; and 71 : X; — CL(X;) are weakly

reciprocally continuous on X (resp. at ¢t € X) if and only if f1Thxz € CL(X;) for each
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x € X (resp., fiTh € CL(X;)) and
lim flTlxn = f1M1 or lim Tlflxn = T1t,
n—oo n—oo

whenever {z,} is a sequence in X such that nlg]go Tix, = My € CL(X;) and nlg]g() fiz, =
te M.
If the map 77 in Definition 2.6 is single-valued then M; has just a single element ¢, and
we get the definition of weak reciprocal continuity for single-valued self maps introduced
by Pant et al. [20].
If systems of maps (f1,..., fn) and (71, ...,T},) are coordinatewise reciprocally continu-
ous then they are obviously coordinatewise weakly reciprocally continuous but converse
need not be true. The following example shows the coordinatewise weak reciprocal con-
tinuity of two systems of maps and illustrates that the coordinatewise weak reciprocal
continuity of two systems of maps does not imply their reciprocal continuity.
Example 2.1 : Let X; = X5 = [0,00) be usual metric spaces and T; : X1 x Xo —
CL(X;), fi : X1 x X2 — X;,i=1,2, be such that

Ty, @2) = { [4}%?%} E i i g o Ailer @)= { 5 i ii ; g ’

o1, 22) = { [4,[%12;152} E i; i g o Palenz) = { 5 i iZ ; g
Suppose {z™} be a sequence in Xy X Xg such that T;2™ — M; € CL(X;) and fx™ — t;,
for some t; € M;,i = 1,2, as m — oo. Then for t = (3,3) and {z} = {(3—€n,3—¢,,/)}
where m,m’ € N and €m, €, — 0 as m,m — oo resp.. We have T,z — [0,3] =
M;, fix™ — 3 = t; € M; and T;(f12™, fox™) — [0,3] = Tit, fi(Tix™, Tox™) — [0, 3] #
fi(My, Msy),i = 1,2, as m — oo. Hence the systems of maps {fi, fo} and {71,T»}
are coordinatewise weakly reciprocally continuous but not coordinatewise reciprocally
continuous at ¢ = (3,3). However it is easy to see that each system of maps {fi, fo}
and {711, T>} is discontinuous at t = (3, 3).
Since at t = (4,4), systems of maps {f1, fo} and {T1,T>} both are continuous, hence
they are obviously weakly reciprocally continuous at this point. However there does not
exist any sequence {x™} € X; x Xy such that T,2™ — M; € CL(X;) and fiz™ — t;,
for some t; € M;,i =1,2.
Remark 2.3 : The coordinatewise weak reciprocal continuity of two systems of maps

(Th,...,T,) and (f1,...,fn) at a point ¢ € X may be verified by considering all se-
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quences {z™} € X such that T;2™ = M; € CL(X;) and fiz™ =t;, € M;,i = 1,...,n.
If there does not exist such a sequence then the definition of coordinatewise weak re-
ciprocal continuity holds vacuously. The same observation applies for coordinatewise

reciprocally continuous maps and asymptotically commuting maps.

3. Coincidence Theorem

Now we state our main result.

Theorem 3.1 : Let (X;,d;),i = 1,...,n, be complete metric spaces and T; : X —
CL(X;), fi : X — X;, be such that

T;(X) C fi(X),i=1,...,n. (3.1)

The systems of maps (71, ...,T,) and (f1,..., fn) are coordinatewise weakly reciprocally
continuous and coordinatewise asymptotically commuting on X. (3.2)
If there exist non-negative numbers b < 1 and a;;,i,k = 1,...,n, defined in (2.1) and

(2.2) such that (2.3) and the following hold:

Di(fix,Tiy)+Di(fiy,Tix)
2

Hl(j—‘lxv T:Ly> < max {Z aikdk(fk‘ma fky)v bmax
k=t

{ Di(fix, Tix), Di(fiy, Tiy), }} (3.3)

for all z,y € X. Then there exists a point v € X such that
fiveTiv,i=1,...,n. (3.4)

Proof : First we note that the system (2.3) and

n

Z aieTe <ri,t=1,...,n,

k=1
are equivalent for some positive numbers r1,...,r,. Further if we put

n
-1
h = max {ri Z aikrk}
k=1

then h € (0,1) and we may choose positive numbers 71, ..., 7, such that

n
Zaikrk <hr,i=1,...,n.
k=1
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Pick 2¥ in X;,i = 1,...,n. Since (3.1) holds, we can find a point 2! € X such that
fixt € Tia® i = 1,...,n. For a suitable 22 € X we can have a point f;z? € Tiz!,i =

1,...,n, such that
di(fix17 f’LxQ) < 0_1/2Hi(Tix077‘i$1)7i = 1a ceey N,

—-1/2

where ¢ = max{h,b} and ¢ > 1. In general, we choose a sequence {z™} in X such

that f;z™*t! € T;2™ and
di(fime, fixm+2) < c_l/QHZ-(TZ-:Em, Tizmﬂ),i =1,....,n,m=0,1,...

If at any stage f;z™t! = fiz™+2 then fiz™+! € T2+ that is, 2™ is a coincidence
point of f; and T; and the proof is complete. So we assume that f;z™! #£ fiz™m+2 m =

0,1,2,.... Without loss of generality, we may assume that
di(fizt, fix?) <ryi=1,...,n.
Then by (3.3), we have
di(fia?, fix®) < V2 Hy(Tyat, Tix?)
< Sttint sty oman ) YRS
2

k=1
{ di(fix', fix?), di(fix?, fiz®), }}

di(fizt, fix®)
2

< ¢ Y2 max {Z aikdk(kal, ka2), bmax
k=1

< ¢V max {Z apdr(fra', fra?), bmax { di(fixl, fiz?), di(fix?, fix®) }} :
k=1
If di(fil'z, fzx?’) > di(fil'l, fzw2) then

di(f;2*, fix®) < ¢/ max {Z airdi(fra', frz®), bdi( fia?, fixs)}
k=1
< VPhr < My,

since otherewise we get a contradiction. On the other hand if d;( f;z?, f;2%) < d;(fiz!, f;2?)

then

di(fix®, fia®) < ¢ max {Z airdi(frx', fra?), bdi( fia', fi$2)}

k=1
< ¢ V2 max{hr;, br;} = ¢*/?r;, wherein ¢ = max{h, b}.
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Again from (3.3), we have

di(fix®, fiz*) < ¢/ max {Z aidi(fez®, fra®), bmax { di(fia?, fiz®), di(fia3, fiz?) }}

k=1
< ¢ 2 max {Z aikcl/Qrk, bmax { 61/27% dz’(fixg: fix4) }} ’
k=1

and arguing same as before this implies
di(fi7®, fix") < ;.

Inductively

di( fiz™ L, fia™ ) < 2

So each {fiz™} is a Cauchy sequence in X;,7 = 1,...,n and X; is a complete metric
space. Therefore there exist a point ¢; (say) in X; such that the sequence {f;x"}
converges to t;.

Since f;z™T! € T;a™, it follows that the sequence {T;x™} is also Cauchy in CL(X;),i =
1,...,n. So there exists M; in CL(X;) such that {T;2™} converges to M; for each
i1=1,...,n. Thus

Di(ti, M;) < di(t;, fiz™ ) + Di( fiz™ 1, M;)
< di(t;, fiz™ ) + Hi(Tya™, M;) — 0,

as m — oo. This gives t; € M;, i =1,...,n.
If systems (71,...,T,) and (fi,..., f,) are coordinatewise weakly reciprocally contin-
uous then f;(Thix,...,Thx) € CL(X;) for each x € X and li_r)n fi(Tyz™, ..., Tya™) =
m o
fiM or lim T;(fiz™, ..., fox™) =Tit,i=1,...,n,.
m—0o0
Case (I): Let us suppose that lim f;(Ty2™,...,Tyz™) = fiM,i=1,...,n then coor-
m—0o0
dinatewise asymptotic commutativity of systems of maps (T4,...,T,) and (f1,..., fn)
gives

H;(T;(fiz™, ..., fax™), fi(Thz™, ..., T,x™)) — 0, as m — oo,

that is
lim T;(fix™,..., fpz™) = lim f;(T12™,...,Tyx™) = f;M. (3.5)
m—0o0 m—00

Since
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fiz™ € Ta™

therefore

fi<f1$m+1, sy fnmerl) € fi(Tlmma LR 7T’n,xm)
and

lim fi(fiz™, ..., fue™) = 2 (say) € f;M. (3.6)

m—o0
Now as z; € f; M, there exists a point v € X such that

fiv=2z,i=1,...,n. (3.7)

From (3.3), with fz™tl = (fiz™+L, . fa™tl),

ki aindi (o™, fuv),
=1

(. famtl
Hi(T3fa™ ", Tyv) < max Di(fi ™ Ty fam ), Dy(fio Tow), | D)
bmax Dy(fi fa™ 1 Tv) + Dy fyv, Ty 1)
2

Making m — oo and using (3.5), (3.6) and (3.7), we have

n D;(fiv, fiM), D;( fiv, Tiv),
H;(fiM, Tiv) SmaX{ > aikdk(fkv,fkv),bmaX{ (D{(fi{Tiv))JrDi(Jgifv,fiM) ) } }
k=1 2

== bDZ(fZ”?EU) S le(f’LMvj_‘Z,U)a

implies that

ThlS giVGS f’LM:E'U,'L = 1,...,n. AS fiv & flM then
fiveTw,i=1,...,n.

Thus the system (3.4) has a solution v = (v1,...,v,) in X.

Case (II) : Let us assume that n%iinooﬂ(flxm, ooy fnx™) =Tit,i =1,...,n, then coor-
dinatewise asymptotic commutativity of systems of maps (T4,...,T,) and (f1,..., fn)
yields

Tgigllwﬂ(flxm, ey fnx™) = nlgnoo fi(hix™, ..., Tyx™) = Tit. (3.9)

Since
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fiz™ Tt € Ta™
then
fi(flmerla R fnmerl) € fi(T1$m, s 7Tnxm)

and

lim fi( ™, fur™) = 5 (say) € Tit. (3.10)
m o0

From (3.1) and (3.10), there exists a point v € X such that
fiU:Zi,i:1,...,n. (3.11)
By (3.3), with fa™+l .= (fia™+L ... fuo™t),

3 andy(fif =™, ),

(T fmtl
Hi(Tifz™", Tiv) < max Di(fifa™ T, fa™+1), Dy(fiv, Tyv),
bmax D;(fi fz™ 1 Tyv)+ Dy (fiv,Ti fa™ 1)
2

(3.12)
Making m — oo and using (3.9), (3.10) and (3.11), we have
n D;(fiv, Tit), D;i( fiv, Tiv),
H;(Tit, Tiv) < max{ > aikdk(fkvvfkv)abmax{ Z(D,-Z(fiv,%ig)-&-DZi((fzv,Tit; ) } }
k=1 2
— bD;(fyv, Tov) < bHi(Tit, Tyv).
This gives
Hz‘(T‘it, TZ’U) = 0,
which implies
Tt = T;v.

As fiv € Tit,i = 1,...,n. Then by the above we have

fivelLiv,i=1,...,n.
This proves that the system (3.4) has a solution v = (v1,...,v,) in X. O
If we take fix = z;,i = 1,...,n, in Theorem 3.1 then the following Corollary is an

immediate consequence from Theorem 3.1.



A COINCIDENCE THEOREM FOR WEAKLY RECIPROCALLY... 221

Corollary 3.1 : Let (X;,d;),i = 1,...,n, be complete metric spaces. If T; : X —
CL(X;),i=1,...,n satisfy (2.1), (2.2) (2.3) and

n
Di(x;, Tix), Di(yi, T3y),
Hi(Tia, Ty) < ma {zaikdm,yk),bmax{ i) }}
2

k=1
for all x,y € X. Then there exists a point v € X such that v; € Tyv,i=1,...,n.
Here it is remarkable that if T;,7 = 1, ..., n are single-valued maps in Corollary 3.1 then
v is necessarily unique. Result of Matkowski [14] may be obtained as a special case from
Corollary 3.1.
Corollary 3.2: Let T:Y — CL(Y) and f : Y — Y are weakly reciprocally continuous
and asymptotically commuting (or compatible) maps in a complete metric space (Y, d)
such that T(Y) C f(Y) and satisfying

H(Tz,Ty) < kmax {d(fg;, v), D(f,Tx), D(fy,Ty), D(fx,Ty) + D(fy,Tx) }

2

for all x,y € Y. Then there exists a point v € Y such that fv € Tv.

Proof: Proof may be completed by putting (Y,d) = (X;,d;), T =T;,f = fi,i=1,...,n
and n = 1,k = max{aj1, b} in the proof of Theorem 3.1. O
The following is the statement of Theorem 1 of Gairola et al. [4].

Theorem 3.2 : Let T: Y — C(Y) and f: Y — Y are weakly reciprocally continuous

and non-vacuously compatible maps of a metric space (Y, d) satisfying condition T'(Y") C
f(Y) and

H(Tz,Ty) <a(x,y)d(fz, fy) + b(z,y) max{d(fz,Tz),d(fy, Ty)}
+ c(x,y) [d(fz, Ty) + d(fy, Tx)]

where a, b, ¢ are non-negative function from Y’ xY — [0, 1) such that 8 = inf, yey b(z,y) >

0,7 = inf, yey c(z,y) > 0, and

supy yey a(z,y) +b(z,y) + c(z,y)] = 1.

Then T and f have a coincidence point. Further, if fft = ft for some t € C(T), f) then
f and T have a common fixed point.

Remark 3.1 :
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(i) In the proof of the above theorem authors assume that if fx,, — ¢ then ffx, — ft
as n — oo (see [4], page 708, line 12 from below). However it is not always true

in case, when maps f and T are weakly reciprocally continuous.

(ii) In paper [2], authors used the same technique to prove a fixed point theorem for a
hybrid pair of weak reciprocal continuous maps by employing an implicit relation
and compatibility (see [2], page 78, line 12 from below ). The following example

illustrates this concept.

Example 3.1 : Let Y = [0,00) be usual metric space and T: Y - C(Y),f: Y = Y
be such that

_ [0, x] ife <1 oz ifx<l
T(x)_{[2,2+a:] ifr>1 0 W03 a1

For z = 1, there exist a sequence z, = {1 —¢,} € Y such that fz, — 1,7z, — [0,1] as
n — oo and 1 € [0,1]. We observe that fTx,, — [0,1] # f[0,1] and T fz, — [0,1] =T1
as n — oo. Hence pair of maps (7', f) is weakly reciprocally continuous at z = 1 but

ffon — 1# f1L.
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