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Abstract

In this paper we proved some common fixed point theorems for four mappings of
compatible Type (R) in fuzzy metric spaces.

Introduction and Preliminaries

The concept of Fuzzy sets was introduced at initially by Zadeh [7] which laid the foun-
dation of fuzzy mathematics. After that, it was developed by many authors and used
in various ways. Our paper deal with the fuzzy metric space defined by Kramosil and
Michalek [9] and modified by George and Veeramani [1]. They also obtained that ev-
ery metric space induces a fuzzy metric spaces. Jungck [4] introduced the concept of

compatible mappings in 1986 by generalizing commuting mappings. Pathak, Chang and
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Cho [5, 6] introduced the concept of compatible mappings of type (P). Further, Singh
and Chauhan [2] introduced the concept of compatible mappings of Fuzzy metric space
and prove the common fixed point theorems. Using concept of compatible maps of type
(o) and compatible maps of type (3) in Fuzzy metric space as introduced by Cho [13,
14]. Y. Rohen and others [14] introduced the concept of compatible mappings of type
(C) by combining the definitions of compatible and compatible mappings of type (P)
and later on it is renamed as compatible mapping of type (R) [15]. Dr. M. Singh and R.
Gangil [3] used concept of compatible maps of type (R) and proved fixed point theorem

of compatible mappings of type (R) in fuzzy metric space.

1. Preliminaries and Notations
Definition 1.1 : A binary operation * : [0,1] x [0, 1] — [0, 1] is called t-norm if ([0, 1]x)
is an abelian topological monoid with unit 1 such that a*b < ¢*d, whenever a < ¢ and
b<d for a,b,c and d € [0,1]. ([9])
Definition 1.2 : The triplet (X, M, *) is a fuzzy metric space if X is an arbitrary set,
% is continuous t-norm, M is fuzzy set in X2 x [0, oo] satisfying the following conditions:
F1:M(z,y,0)=0
F2: M(z,y,t)=1forallt>0iff, z =y
F3: M(x,y,t) = M(y,x,t) # 0 for t #0
F4: M(z,y,t)
F5: M(x,y,.):[0,00) — [0,1] is left continuous,
F6: tli)lgloM(:v,y,t) =1 for all z,y in X.

My, z,s) < M(z,z,t+s) for all z,y,z € X and s,t >0

Note that M (x,y,t) can be considered as the degree of nearness between z and y with
respect to t. We identify z = y with M (z,y,t) =1 for all ¢t > 0. ([9])

Definition 1.3 : Let (X, M, *) be a fuzzy metric space. A sequence {z,} in X is said
to be convergent to a point z € X, if T}Lngo M(zp,x,t) =1,V t>0][9].

Definition 1.4 : Let (X, M, %) be a fuzzy metric space. A sequence {z,} in X is said
to be Cauchy sequence in X if lim M(xp; pip;t) =1,V t>0and p > 0. [9]
Definition 1.5 : A fuzzy metriz S;Oace (X, M, %) is said to be complete if every Cauchy
sequence in X is converges to a point in X. [9]

Definition 1.6 : Let S and T be mappings from a complete fuzzy metric space

(X, M, *) into itself. The mappings S and T are said to be compatible mappings if
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M(STxy,TSxp,t) — 1 for all t > 0, whenever {z,} is a sequence in X such that
Sxp; Ta, — p for some p in X as n — oo. [9]

Definition 1.7 : Let S and 7' be mappings from a complete fuzzy metric space (X, M, *)
into itself. The mappings S and T are said to be compatible mappings of type (P) if
M(SSzp; TTxp;t) — 1 for all t > 0, whenever f{z,} is a sequence in X such that
Sxp; Ta, — p for some p in X as n — oo. [9]

Definition 1.8 : Let S and 7' be mappings from a complete fuzzy metric space (X, M, *)
into itself. The mappings S and T are said to be compatible mappings of type (R) if
M(STxp; TSxp;t) — 1 and M(SSzp; TTxy;t) — 1 for all ¢ > 0, whenever {z,} is a

sequence in X such that Sz, ; Tz, — p for some p in X as n — co. [9]

2. Main Section

We need the following Lemmas for our main result.

Lemma 2.1 [9] : Let S and 7" be mappings from a complete fuzzy metric space
(X, M, %) into itself. If a pair S,T is compatible of type (R) on X and Sz = Tz for
z€ X, then STz=T52=5852=TT-z.

Lemma 2.2 [3] : Let S and T be mappings from a complete fuzzy metric space
(X, M, %) into itself. If a pair S,T is compatible of type (R) on X and if lim Sz, =

n—oo

lim Tz, = z for some z €X, then we have
n—oo

(i) M(TSxy,Sz,t) — 1 as n — oo if S is continuous.

(ii)) M(STxy,Tz,t) — 1 as n — oo if T' is continuous.
(iii) M(TTxp, Sz, t) — 1 as n — oo if S is continuous.
(iv) M(SSxy,Tz,t) — 1 as n — oo if T' is continuous.

(v) STz =TSz and Sz =Tz if S and T are continuous at z.

Now we give our main theorem.

Theorem 2.3 : Let (X, M, *) be a complete metric space and A, B, S and T be map-
pings from X into itself. Suppose that S and T are continuous mappings satisfying the
following conditions:

A(X) € T(X) and B(X) C S(X), (1)
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The pairs {4, S} and {B,T} are compatible of type (R), (2)
M(Azx, By,t) < ® (max{M (Sz,Ty,t), M(Sz, Az,t), M(Ty, By, t),

1

5 [M(Sz, By, t) + M(Ty, Az, )]}) (3)

forall z,y € X, where @ : [0, 00) — [0, 00) is a non-decreasing and upper semi continuous
function and ®(t) < ¢t for all t > 0. Then A, B,S and T have a unique common fixed
point in X.

Proof : Since A(X) C (X) and B(X) C S(X), we can choose a sequence {z,} in X
such that

S.fUQn = Bxgn_l and Tafgn_l = Axgn_g for n= 1, 2, 3, AN
Suppose that
Yon—1 = Txop_1 = Axan_o and Yo, = Sxa, = Broy—1 (4)

forn=1,2,3,---.
By conditions (3) and (4), we have

M (yont1,Y2n,t) = M(Ax2,, Broy—_1,t)

®(max{M (Szon, Tron—1,t), M(Sx2p, Ax2p,t), M(Tw2, -1, Bxon_1,1),
1

5 [M(Sfb’gn, Bxanlv t) + M(TJ/‘anl, Al‘gn, t)]})

O (max{M (yan, Y2n—1,t), M (Y2n, Y2n+1,t), M (Y2n—1, Yon, t),
1

5 [M(an, Yan, t) + M(an—la Yan+1, t)]})

= (IDM(an, Yan—1, t)
< M(y2n, Y2n—1,1).

IN

Now we show that lim M (yn4p,yn,t) = 1, for all p and upper semi continuity of
n—oo

O(t) <t forallt>0.

IN

M(yna Yn—1, t)
M(y’n—17 Yn—2, t)
M(yn727 Yn—3, t)

M(yn+17 Yn, t)

IN

IN

IN

M(y1,y0,t) — 1. As t>0 as n — oo.
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Hence {y,} is a Cauchy sequence in X and so, since X is complete, it converges to a
point z in X. On the other hand, the subsequences {Aza,—2}, {Bxan—1}, {Sz2,} and
{Txop—_1} of {yn} also converge to the point z.

Since {A, S} and {B, T} are compatible of type (R), it follows from the continuity of S
and T, (4) and Lemma 2.2 that

Tyon — Tz, By, = BBwo,1 — Tz,

Syon—1 — Sz, Ayon—1 = AAxo,_o — Sz (5)

as 1 — OQ.

By (3) and (4), we have

M(Ayon—1,Byan,t) < @(max{M (Syan—1,Ty2n,t), M(Syan—1,Ay2n—1,t), M(Ty2n, Byan,t),

1
§[M(Sy2n—1a By2n7 t) + M(Ty2na Ay2n—17 t)}})

By the upper semicontinuity of ®(t), (4) and (5), if Sz # Tz, then we have

M(Sz,Tz,t) < ®(max{M(Sz,Tz,t),0,0,M(Sz,Tz1t)})
= O(M(Sz,Tz,t)) < M(Sz,Tz,t),

which is contradiction. Thus it follows that Sz = T'z.
Similarly, from (3), (4), (5) and the upper semicontinuity of ®, we can obtain Sz = Bz

and Tz = Az. Hence we have
Az=Bz=Sz=T=z. (6)
From (3) and (4), we have also

M(Azgy, Bz, t) < ®(max{M (Sxon,Tz,t), M(Sxon, Axon,t), M(Tz, Bz,1),
1
i[M(ngn, Bz, t) + M(Tz, Axap, t)]}).

This implies that, if Bz # z, then
M(z,Bz,t) < ®(M(z,Bz,t)) < M(z, Bz,t),

which is a contradiction. Therefore, we have z = Az = Bz = Sz = Tz. The

uniquencesss of the fixed point z is obvious from (2). This completes the proof.
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From Theorem (2.3), we have the following:
Theorem 2.4 : Let (X, M, %) be a complete metric space and A, B be mappings from
X into itself satisfying the following condition

M(Az, By,t) < ®(max{M(z,y,t), M(z, Az,t), M(y, By,1),
(7)
3[M(z, By, t) + M(y, Az, 1)]})
for all z,y in X, where ®(¢) is the same as in Theorem 2.3 then A and B have a unique
common fixed point in X.

Proof : Define a sequence {x,} in X by
Top—1 = Axop—o and xo, = Bxo,_2 (8)

forn =1,2,3,---. Then it is easy to show that {z,} is a Cauchy sequence in X.
Since X is complete, letting =, — z € X as n — oo we know that {z2,-1} and {x2,}

converge to z, too. By (7) and (8), we have

M(Az,22n,t) < M(Az, Bro,_o,t)
S q)(maX{M(Zal?n—%t)aM(ZvAzat)aM($2n—2ax2n7t)a

%[M(Z, Ton, t) + M<372n—2a AZ7 t)]}>

By the upper semicontinuity of ®(t), if Az # z, then we have
M(Az, z,t) < ®(M(z, Az, t)) < M(z, Az, t),

which is contradiction and so z = Az. Similarly, we have z = Bz. This completes the
proof.
The following result is an immediate consequence of Theorem 2.3.
Theorem 2.5 : Let (X, M, %) be a complete metric space and S, T and A,, be mappings
from X into itself, n = 1,2,---. Suppose further that S and T are continuous and, for
every n € N, the pairs { Aop—1, S} and {Aay,, T'} are compatible of type (R), A2p—1(X) C
T(X) and Az,(X) C S(X) and for any n € N, the set of positive integers, the following
condition is satisfied:

M(Apz, Aptay,t) < ®(max{M(Sxz,Ty,t), M(Sx, Apx,t), M(Ty, Ant1y,t),

(9)
%[M(Sl’, Api1y, t) + M(Ty, Apz, t)]})
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for all z,y € X, where ®() is the same as in Theorem 2.3. Then S,T and {A,}, n € N,

have a unique common fixed point in X.

3. Conclusion
In this paper, we established some fixed pont theorem for four self maps of compatible

maps of type ( R) which generalized some valuable results of Y. Rohen.
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