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Abstract

In this paper, we define the nets with bicomplex entries (called as Cy-nets) and
analyse the Cy(o)-topology on Cy. The space Cq equipped with this topology elab-
orates interesting and challenging behaviour of Co-nets. The higher dimension of
space Co, play an important role in the various capabilities of Cy-nets called con-
fluences. Methods of confluence are constructed in a sense of convergence of the
component nets of Cy-nets.

1. Introduction

The well known extension of the complex numbers to the higher dimension is the quater-
nion by Hamilton. And it represents the rotation of the three-dimensional space. The
set of quaternion is a non-commutative division algebra. One more extension is known

as bicomplex numbers. The concept of bicomplex numbers was given by Segre [6] in
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1892. Almost after 100 years, the emeritus professor G.B. Price in Italy had published
a monograph [3] on multicomplex spaces and functions, where he had provided the
details about the bicomplex algebra. Later on, Rochon and Shapiro [14] had given the
details about algebraic properties, conjugation and moduli of the bicomplex numbers
and Shapiro et al. [4] and Ronn [15] discussed the bicomplex functions and their basic
properties.

It was further investigated from the functional analysis point of view and linked with
the spectral theory and bicomplex topological modules by Struppa et al. [5, 4], Rajeev
et al. Charak et al. [1] and on holomorphic functional calculus by Struppa [5], on
Hilbert spaces by Rochon [13] and H. M. Campos et V. V. Kravchenko has studied
fundamentals of bicomplex pseudo-analytic function theory in [2].

Both extensions of the three dimensional space are quit different because the quater-
nion form a non-commutative division ring but the set of all bicomplex numbers is a
commutative ring but not a division ring. In this paper, our work is focused on the
bicomplex space. Throughout the paper, the set of real numbers, complex numbers and
bicomplex numbers are denoted by Cy, C; and C,, respectively.

The set of bicomplex numbers is defined as follows:
Co:={¢ : E =m +irwa +iox3 + jag; xp € Cp, 1 <p <4}

or equivalently

Co:={€ : £ =21 +i92z9;21,20 € C1}
where i1 and i9 are commuting imaginary units with the properties:

it =i2=—1 and iyig =igi; =]
We shall use the notation C(i,) (p = 1,2) for the following set:

Clip) == {z1 +ipz2 : if, = —land z1, x2 € Cp}

We observe that the set C; is homeomorphic to the sets C(i1) and C(i2) the usual
topology on C;. The auxiliary spaces A; and Ay are defined as follows [8]:

A = {w1 —we : Wi, wy € (Cl} = {IC (€ (CQ}

Ay = {’U)l +tiwy : wi,wo € (Cl} = {2C : C S CQ}
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Both subsidiary spaces A; and Ay are homeomorphic to C(ip), p = 1,2 as well as Cy.

The bicomplex number £ can also be written as:
§ =21 +i220 = 'Cer + *Ces
where
1( =21 —i120 € Ay and 2( =21 +1120 € Ay
and the bicomplex numbers e; and es are defined as

14
— 11 and ey = ———

=y 2

The bicomplex numbers e; and es are hyperbolic numbers and
2 _ 2 _ _ d —
el =e€1, e;=e3, e +e=1 and ejea =0

From the above equations, we can say that e; and eg are non-trivial idempotent elements
as well as the non-trivial zero divisors in the bicomplex space. Hence, bicomplex space
Ca is not an integral domain. The existence of the non-trivial zero divisors is one of the
major difference between the algebraic structures of the complex and bicomplex spaces.

A norm on the bicomplex linear space is given below: [3] :

1'n|? + |n]?

. (1.1)

lnll = \Ja? + a3 + a3 + af = VI P+ [P =
With this norm, Cy becomes a commutative Banach algebra. Further,
[l < I < V2 |l 1Kl ¥, € C

It is the best possible inequality. Because of this deficiency, Cs is known as modified
complex Banach algebra [3].

Remark 1.1 : For the idempotent elements, we have:
Hep'epH:\/iHepHHepH, p=12

We enlarged the study of topological structures of the space Cy which was initiated by

Srivastava [8]. He characterized some topologies in the usual sense by using different
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properties of the bicomplex space. We continue the topological study of Cs by the lex-

icographical order relation.

2. Definitions and Preliminaries

There are a lot of results which are true in nets but not for sequences. The nets are
giving many advantages over sequences. On the bicomplex space Co, we have defined
a lexicographic order relation namely fc,-order and defined an order topology, called
Cop(o)-topology on Cy. We also tried to develop the ideal of nets on the bicomplex space.
We studied the confluences (sometimes called convergence in some sense) of the Co-nets
with respect to the Cy(o)-topology. We improved many results, definition and examples
given by us on the topologies on Cs. Throughout in this section,  and ¢ will denote
bicomplex numbers defined by nn = a1 +t1a2 + i2as + jag and ( = by + 110 + i2b3 + jby.
Definition 2.1 : [{¢,-order| For any two bicomplex numbers 1 and ¢, we have the
relation, n <c, ¢, if ap < by, for some p € N, 1 < p < 4 and a4 = by, for ¢ € N,
1 <g<p.

The reverse order of /¢, -order is also a linear order. The {¢,-order is a linear order and
the notation of open intervals (£,7)c, denote a basis element of an order topology on

Cy w.r.t the f¢,-order. Now, we have

(57 _>)(C0 = {C €Cy: ¢ =Co C}
(<_777)(C0 = {C €Cy : (¢ =Co 77}
(5)7])@0 {C €Cy : ‘S =Co C =Co 77}'

In the similar manner, the intervals [£, —)c,, (<= 1]y, (§:Mm)c,] and [€,7)c, can be
defined.
Definition 2.2 : Consider that £ <¢, n. Then the following four collections of various

forms of open intervals are defined as:
L. G1 = {(a1 +i1a2 +i2a3 + ja4, by +i1by + d2b3 + jbs)c, : a1 < b1}
2. Go ={(a1 +i1a2 +i2a3 + jas, a1 + i1by + i2bs + jba)c, : az < ba}
3. G3 = {(a1 + 102 +i2a3 + jas, a1 + i1a2 + i2b3 + jbs)c, : asz < bz}

4. Gy = {(a1 + 102 + i2a3 + ja4, a1 +i1a2 + i2a3 +jb4)(co Tag < 64}.
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Suppose B = Ule G;. The sets of the type [z1 = a]c,, [r1 = a, 22 = by, [r1 = a,x2 =
b, z3 = c|c, are known as R-frame, R-plane and R-line and members of G, G2, G3 and
G4 are called as R-space segments, R-frame segments, R-plane segments, and R-line
segments (or R-intervals) in the ¢(Cy)-order relation.

Lemma 2.3 [11] : The family B is a basis for some topology on the bicomplex space.
Remark 2.4 : We shall call the topology generated by B as Cg(0)-topology and it is
denoted as 74. Also the collection {(§,—)c, : & € Co} U{(+. &), : & € Cy} forms a
subbasis for this topology. The interval (£,7n)c, = (a1 + i1a2 + i2a3 + jas, by + i1b2 +
i2bs + jba)c, called as Cp-open set in 74. It may be R-frame segment, R-plane segment,
R-line segment and R-interval depends on the order of elements of the interval.

Here, we constructed the Co-nets and also defined the various types of confluences of
these nets w.r.t. the Cy(o)-topology. We also defined the Cy-subnets of the Co-nets and
studied them.

Definition 2.5 (Directed Set) : Let D be a partially ordered set with the order
relation >, then D is called as a directed set if for any two elements a,b € D, 3 some
¢ € D such that ¢ > a and ¢ > b.

Every totally ordered set is a directed set. The product of two directed sets is a directed
set. Further, the subset of a directed set is a directed set.

Definition 2.6 (C2-Net) [12] : For some directed set D, the Ca-net can be defined as
f:D — Cq such that Voo € D

f(Oé) = Yo+t i1y2a + i293a + jy4a
= Wiq + 2W2q (22)

= 'naer + *naca.
We denote the Ca-net f(a) as {nataecp or {na}, and D will denote the directed set.
Also, a tail Ty, in the directed set (D, >) is the set T, = {8 : 8 > a}.
Definition 2.7 (Cy(F)-Confluence) : The Ca-net {1, } is said to be Co (F)-confluence
to the R-frame [x1 = d]c,, if for every f € D, there exists N € G; such that n, €
N, VYa > and [z1 = a]c, C N.
Definition 2.8 (Cy(P)-Confluence) : The Ca-net {7, } is said to be Cq (P)-confluence
to the R-plane [z = a,z2 = b|c,, if for every 5 € D, there exists N € Gy such that
No € N, Vo > f and [z1 = a,z2 = b]c, C N.
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Definition 2.9 (Cy(L)-Confluence) : The Cy-net {74} is said to be Co (L )-confluence
to the R-line [z1 = a,x2 = b,x3 = c|¢,, if for every § € D, there exists N € G3 such
that 7o € N, Yo > g and [z1 = a,22 = b,x3 = ¢|¢, C N.

Definition 2.10 (Cp-Point Confluence): The Cy-net {n,} is said to be Cq-Point
confluence to the n = a + i1b + ioc + jd, if for every g € D, there exists N € G4 such
that £, € N, Va > g and n € N. It is denoted as Co—iiel% Na = 1.

Remark 2.11 : A Co-net {n,} is stable on n if n, = n, Va € D. It is finally stable
on 7 if there exists § € D such that n, =7, Va > 8. Throughout this paper, we shall

emphasise to Cy-net in the form
{na} = {Y1a + 11920 + 12Y3a + jYsa}s Yka € Co,Va € D and k = 1,2, 3,4.

Remark 2.12 : A Cs-net can be finally stable at a point but not at any R-frame, R-
plane or R-line w.r.t. Ca(o)-topology. Further, If the Co-net {n,} is Co(F)-confluence
to an R-frame [z; = a|c,, then it may not finally in any member of the collection G
(and hence, it cannot be Co(P)-confluence to any R-plane) unless {yi4} is finally stable
on a, say (and in case, {1y} will be Co(P)-confluence to the R-plane [x; = a, 2 = b|c,
provided that {y2n} converges to b). Analogous observations can be derived with the
other forms of Cy-nets in real form.

Remark 2.13 : The Cy-Point confluence of a Co-net {n,} is a necessary but not a
sufficient condition for the net in the topology 71 defined in [8] induced by the Equation
(1.1). In fact, every finally stable net {ypo}, 1 < k < 4, converges and therefore,
Co-Point confluence of {n,} to £ implies convergence of {n,} to £ in 7. To test this
weakness, consider the Co-net {n,} defined on the directed set (Q*, >) of positive

rational (with usual order) as follows:

Ne = Yla + 1Y2a + 12Y3a + JYda, Voo € D

1
Whereyka:1+m7 1§]€§4
Then this Co-net converges to a point £ = 1441 +i3+7 in 71 but not Cy-Point confluence

to € in 74. But for the given R-line segment
I+d+i2+(1—€)j, 1+ +i2+(1+€)ij)c,

no element of {n,} is contained in the R-line segment.
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3. Main Results

Some results on the Cyp-confluences of the Cy-nets have been discussed in the section
and the results of Co-subnet and Cauchy Co-net have been developed and studied.!
Theorem 3.1 : A Co-net {n,} is Co(F)-confluence to the R-frame [x; = k|, iff the
net {y1} converges to k.

Proof : Let {y1,} be a net converging to k. For a given § > 0, consider a set as follows:
Bs={n:n=x1+i1xe +isx3+jra; k—0 <z <k+0d} (3.1)

Obviously, Bs € Gy and [z1 = k]c, C Bs.
Since, {y14} is converges to k, then 3 v € D such that

Mo € (k—6, k+0),Va >~
= k—0<na<k+d,Va>~y
= k—0+uz2+i2x3+ jTs <y Yia +11Y20 + 12Y30 T JYia

and  Yiq + 11Y2q + 12Y3a + JYsa <cy K+ 0 + i1Y2 + i2y3 + jya,

where Vz,, 4. € Co, 2 <r < 4. Therefore,
Tla + 11%20 + 12030 + jTaa € (K — 6 + 122 + iow3 + jxa, K+ 6 + i1y2 + d2y3 + Ya)cy,
vV, y € Co,2<r<4and a>~1.

So that the net {1} = {Y1a + 11Y20 + 12Y3a + JjY1a | is finally in Bs.
Now, for every N € G1, there exists a Bs, (§ > 0) such that B; C N. Hence, {n,} is
Co(F)-confluenced to the R-frame [z1 = k]c,.
Conversely, let the Co-net {n,} = {y1a + 1120 + 12Y3a + jY1a} be Co(F)-conflenced to
R-frame [z; = k]c,.
So it is finally in every member of G containing the R-frame [z = k]¢,.
Particularly, this Co-net {7} is finally in Bs (6 > 0) given in Equation (3.1).
Then, 3 some § in D such that n, € Bs, Ya > f

= k—0<yia<k+9d, Va>p.

= Yia — k. O
Theorem 3.2 : The Ca-net {n,} is Co(P)-confluence to [z1 = k, x2 = {|¢, iff the nets
{y1a} is finally stable on k and {y2,} converges to ¢.
Proof : Suppose that the Co-net {y1,} is finally stable on k and {y2,} converge to ¢.
As {y1o} is finally stable on k, then there exists a v € D such that y;, = k, for all

!The preliminaries of these results were presented in the 81st annual conference of the Indian Math-
ematical Society in VNIT Nagpur (India) in December 2015.
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«a > . For a given € > 0, construct a set as follows:
Ue={n :n=k+iiaz +izas + jas; { —€ < az <l +¢€} (3.2)

Then, U. € G2 and [z =k, 3 = {|c, C U..
Now, for the coefficient net {ys} of the Ca-net {n,} converges to ¢, then there exists
some v € D such that

Yoo € (L — €, L+€), Va >

Since for 8, v € D, there exists some A € D such that A > 5 and A > 7.
Therefore, y1o =k and yoqn € ({—€, L+€), Va> A

= (—e<y, <l+e Ya>A

= Ylati1Y2a + 12930 +jYaa € (k+i1(0—€) +izaz+jas, k+ir({+e€)+izbs+jba)c,,
VY as, aq, b3, by € Cy, Va > A
Therefore, the Co-net {14} is finally in the set U..
Now, for every M € G, there exists a set Ue, (€ > 0) such that U, C M.
So that the Co-net {n,} is Co(P)-confluenced to the R-plane [x1 = k,z9 = {]¢,. This
implies that for given € > 0, there exists v € D such that ng € U, V3 > 7.
Conversely, let the Co-net {n,} is Co(P)-confined to the R-plane [z1 = k, x2 = {|¢,.
Therefore, it is finally in every U, (e > 0) as given in the Equation (3.2).
S0, Yy1o =k and yon € ({ —€, L +€), Va>p.
Hence, {y14} is finally stable on k and the net {ys,} is converging to /. O
Analogously, some more theorems can be proved as given below. Proofs are omitted.
Theorem 3.3 : The Cy-net {n,} is Co(L)-confluence to [z1 = k,x2 = £,x3 = m]¢, iff
the nets {y14} and {y24} are finally stable on k and /¢, respectively and the net {ys,} is
converging to m.
Theorem 3.4 : For a Co-net {n,}, (Cg—(}éier% No = @ + i1b + i2b + jd iff the nets {y1q},
{y24} and {ys,} are finally stable on a, b and ¢, respectively and the net {ysq} is
converging to d.
Definition 3.5 : [Cy-Subnet] The given Cy-net {ns}z_p, is said to be a Cy-subnet
of the Co-net {{n},cp if for each tail T, in D, there is a tail T in E such that
{ns :6€Tp} C{& v eT,}.
Definition 3.6 (Cauchy Cy-Net) : A Co-net {{,}p is said to be a Cauchy Co-net if
the Co-net {£, — &8} pxp is Co-point cofluenced to zero.
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Some results related to Ca-subnets and Cauchy Co-net are proved as follows:
Theorem 3.7 : Every cofinal Cs-subnet of a Cy-point confluenced Cy-net is also Cy-
point confluenced.
Proof : Let Cy-net {14} be Co-point confluenced to the point 7.
Now, if D’ is a cofinal subset of the directed set D, then for every o € D, there exists
a d € D' such that § > a.
Also, D’ as a subset of D, is a directed set under the same order relation of D.
Consider a Ca-net {n)} on the directed set D’.
Clearly, {nx} is a cofinal Ca-subnet of {&,}.
Then for each S, of D there is a Sy of D’ such that for each v € T, there is some
¢ € T, such that

{m: Az} Cc{éa s =246} (3:3)
Now as the Ca-net {£,} is Cy-point confluence to &, the Co-net {{,} is finally in an open
R-line segments containing 7.
From Equation (3.3), we have obtained that every tail of points of the Co-net {&,}
contains some tail of the points of the Co-subnet {n)} and also D’ is a cofinal subset of
D.
Therefore, we conclude that the subnet {n,} lies eventually in every member of the
family N4 containing the point £. Hence, {1} is Cyp-point confluence to &. O
Remark 3.8 : If domain of a Cs-subnet of the given Cs-net is not cofinal subset of
domain of the Cy-net, then the Cy-confluence to an Cy-confluence zone of the Co-net
may or may not imply the Cyp-confluence of the Ca-subnet to the same Cp-confluence
zone.
Remark 3.9 : Every finally stable Cy-net contains a stable Ca-subnet.
Theorem 3.10 : The given inferences can also be proved:
(i) Co-point confluence Ca-net is Cy(L)-confluence.
(ii) Co(L)-confluence Co-net is Cy(L)-confluence.

(iii) Co(P)-confluence Ca-net is Co(F)-confluence.

Proof : The Ca-net {n,} is Co-point confluenced to n = a1 + i1a2 + i2as + jaq, then

for every € > 0, we have

M, = (a1 + 21a0 + 1203 +j(a4 — 6), a1 + t1a9 + i0ag +j(a4 + 6)@0 € Gy.
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Then for every v € D, such that n, € M., Va > ~. Further, for every N € G3, M, C Gj.
Therefore, the Ca-net is also, Cy(L)-confined to R-line [z1 = a1,22 = a9, 3 = as|c,-
Similarly, it can be shown that the Ca-net which is Cy(L)-confluence to the R-line
[1 = a1,m2 = ag, v3 = ag]c, is Co(P)-confluence to the R-plane [z1 = a,z2 = b|c,
and the Cy-net which is Co(P)-confluence to the R-plane [z; = a1, 22 = ag]c, is Co(F)-
confluence to the R-frame [z1 = aj]c,. O
The above implications are non-reversible until and unless the Ca-net is stable or finally
stable.

Example 3.11 : On the directed set (QT, >), construct a Co-net {nz} as follows:

{ns} = (k —ya) + (1/B)ir + (B + Liz + B, VaeQF

where the net {y,} on Cy is finally stable on 0. Therefore, {14} is finally stable at ‘&’
and {yaq } converges on 0. So, the Ca-net {7} is Co(P)-confluence to [x1 = k, x2 = {|c,,
for some ¢ € Cy. Since, the net {y1,} is finally stable at ‘k’. Then, the Co-net {n,} is
finally in N € G; for which [z1 = k]c, C N. Hence, {n,} is Co(F)-confluence [z; = k]|c,.
Example 3.12 : For the directed set (Q*, >), consider a Cy-net {ng} as given below:

{ng} =2— +i18+ i +j, VBeQT

1
B+1
This Cy-net is Co(F)-confluence to the R-frame [z1 = 2]c,. Then the net {y;3} con-
verges to 2, but the net {y2g} is not convergent. Therefore, the Co-net {ng} is not

Co(P)-confined to any R-plane contained in the R-frame [z1 = 2], .
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