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Abstract

Two variable hybrid Fibonacci and Lucas polynomials display many interesting
combinatorial properties which are generalizations of those of Fibonacci and Lucas
numbers [6, 7, 8]. In the present paper, both the polynomials are shown to satisfy bi-
nomial convolution identities which will be a good addition to the current literature.

1. Introduction
Binomial coefficients, Fibonacci and Lucas numbers are basic combinatorial entities [2,
3,9, 10, 11]. Several researchers are looking for their binomial convolution identities [4,

5]. Two variable generalization of Fibonacci and Lucas variables given by two Pascal
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like tables displaying the terms (z 4 y)™ and (x + 2y)(z + y)™ are quite remarkable.
They naturally contain F,, and L,, two kinds of Fibonacci and Lucas polynomials as
special cases . Recently these two variable generalization of F;, and L, are studied as
two variable hybrid Fibonacci and Lucas polynomials [6, 7].

The hybrid Fibonacci and Lucas polynomials in two variables x and y of degree n, are

given by the following binet forms [2, 6, 7]:

FUD (2 ) = \/ﬁ (m+ ;‘24—43/)”_(90—\/;24—43/)”] (1.1)
(o) = | (B (e vf“@/)] 12)

They satisfy the following 3 term recurrence relations :

£ @ y) = 2 f () + yfi) (2, y), (1.3)
10 @ y) = 2 150 () +y 1) (2,) (1.4)
and I (z,y) = 2 £ (2,9) +2y £ (2,y). (1.5)

Put a = (%M’) and 8 = (L V§2Hy> Then
F (@, y) = oo ; 1 (2, y) = ™ + 8" (1.6)

a—0
Also,

a+pB =2, a—p8 = V22+4y and aoff = —y. (1.7)

Hybrid Fibonacci and Lucas polynomials in two variables display many interesting com-
binatorial properties useful for research workers in combinatorics [2, 3, 9, 10, 11]. In

the next section, a Bernoulli type identity for

Bp(m,z) = kZZ:O <Z> km ok

is derived which will be used in the section 3 and 4. In the ensuing section, Binomial
Convolution Identities of hybrid Fibonacci and Lucas polynomials in two variables with
a fixed power of expanding variable, K™, m = 0, 1 are stated and proved . In the last

section, Binomial Convolution Identities of hybrid Fibonacci and Lucas polynomials in
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two variables with a fixed power of expanding variable, ™, m = 2, 3 are stated and

proved.
2. A Bernoulli Type Identity

By Bernoulli identity [1] we mean

m m
Hm 1= 1 94 .
(n+1) (1)Sn(m )+ (2>Sn(m )+ + <m>5n(0)
where S,(m) =1"+2" 4+ ...+ n™ 5,(0) =n,m =2,3,4,....

m

The derivation is quite simple. Consider

m+1)" =1+ 85,(m) =

EG (e

.
= S.(m)+ <T>S (m + <”ﬂ;‘> "
[

Hence by cancelling S, (m) on both sides one can get Bernoulli identity [1].

(k+1)™

x>
3 ||M:
—

bl

Following the same idea of derivation one can also derive a Bernoulli type identity :

If B,(0)=Y_ <Z> = 2", By(m) =) <Z> k™ m=1,2,3,..., then

=0 k=0

1 1 < /n+1
B 1) = et
n+1 nri(m+1) n—l—lz< k >

Hence

1

iy Bl + 1 = () B+ () Batm =+ () B,00)

where B,(0) =2"m=0,1,2,3,4,....
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Let us define

B, (0,x)
B, (m,x)

1
n+1 Bn+1(m + 1a$)

R. RANGARAJAN, C. K. HONNEGOWDA & RANGASWAMY

Table 1 : First four sums

B, (0) 2n

B, (1) n2n—1
B,(2) | n(3n —1)272
Bn(3) | n*(n+ 3)2"3

Table 2 : First four sums By, (m, )

(x+1)"

()@ + )T

(nz)(nz + 1)(z + 1)"2

1
n+1 Bn-i-l(m + 171‘)
m=0,1,2,. ..
B,(1,x)
B, (2,x)
B, (3,x)

(n2)*(nz +3)(z + "> — (na)(z — H(z + )"
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For z = 1, we get back the Table (1) for B,(m). The above table is very useful to

derive binomial convolution identities satisfied by f((:;) (z,y) and l?g)(a:,y) (c.f. (1.1)

and (1.2)) which will be stated and proved in the next two sections.

3. Binomial Convolution Identities at the Levels m =0 and m =1

The Binomial Convolution Identities at m = 0 and m = 1 are stated and proved in

Theorems(1) and (2) respectively.

Theorem 1 : The convolution identities at the level m = 0 are

' k)7k P In=k T (22 + 4y)
" /n
(12) > (k?)ll(cH)(m’y)lnff)k(x7y) = 2" (z,y) + 22"
ke
" /n
(1.3) Z<k>l’(fH)($,y)ffLH;)€(:v,y) = 2" [ (x,y)
L @) wy) = 2" (x,y)
Proof : The result in Table 1 for m = 0, Table 2 for By(0, 3), Bx(0, g) and the

equations (1.6) and (1.7) will take us through the derivation step by step for all four

identities.

n n k _ pk n—k _ pn—k
(1.1) : <Z> @y ) = (Z) (aa_g > (a a_g )
k=0 k=0

() 3 ()]

k=0 k=0 k=
_ M (210, y) — 5 (1 + %)n —an(1+ g)n}
= Grr [ ) — 2t o))

2”l§lH) (x,y) — 22"
2(x? + 4y)
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o E Qi E( ()
AR IO M HI0)
B <> ) () ety )

[—(a+5)"+ (a+5)"]

= 2" (z,y) +
= 2" {1 (z,y).

The proofs of (1.2) and (1.4) are similar to that of (1.1) and (1.3) respectively.

1
(a—B)

Theorem 2 : The convolution identities at the level m = 1 are

(2.1) Z(Z)k S ) [ ) = 20 l%?(x,y)— z"
k=0 (z? + 4y)

(2.2) Y <Z>kli(€H)(%y)l7(£)k($?y) — 9Ly (D (3 ) 4+ na?
k=0
iO Do) = 2t 1) -
k=0
” Z)kfk DD () = 2 fUD (2, y) + na !

O

Proof : The result in Table 1 for m = 1, Table 2 for By(1, 3), Ba(1, a) and the
equations (1.6) and (1.7) will take us through the derivation step by step for all four

identities.
n - k_ gk n—k _ gn—k
2n: > (Z)k @y M @y = @k <aa_/; ) (a a_g )
k=0 P
—asz@wwwwa@y@awz@M@q
k=0 — 2
n— n @ a\n—1 " ﬁ ﬁ n—1
- w2+4y ["2 e —F "B<1+B) —a ng(lw) }
- x2—|—4y [n2n LS )_n(a-l-ﬁ)n_l(a—kﬁ)}

n2n—1 (x,y) —na”
(22 + 4y)
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OIS (Z)k e =30 () (o) (C25)

k=0 k=0

S (S ) S ()

k=0

- M<> (L) - s (1 8) T+ gl (14 2)
+

1

= n2" (2, y) B(H)(aJrﬁ)"*l(ﬁ—a)

= p2n L fH) (x,y)—nx” !

The proofs of (2.2) and (2.4) are similar to that of (2.1) and (2.3) respectively.

4. Binomial Convolution Identities at the Levels m =2 and m =3

In this section, we continue the computation of the Convolution identities at next two
higher levels.

Theorem 3 : The convolution identities at the level m = 2 are

n

CAVEEDY) (Z) k2 £ () 1) (2 y)

k=0
- M [ 2n(3n — DI (2,9)  [n(n — 1)(a + 25)a" 2 + na"]
52 X ()R e )
k=0

= 2" 20(3n — 1) 1 (2, y) + n(n — 1)a" (22 + 2y) + na”

n

(33) > <Z> kK2 1 (@) £ (2, y) = 2072030 — 1) f (2, y) — n2a" !
k=0

n

(3.4) .

NE

)k? I @, )l (2, y) = 272030 — 1) £ (2, y) + n?a"
k=0

Proof : The result in Table 1 for m = 2, Table 2 for By(2, 3), Bn(2, a) and the
equations (1.6) and (1.7) will take us through the derivation step by step for all four
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identities.

n n () () - n n of — Bk a"k _ /Bn—k
(3.1) ; <k>k2 v (@ y)fui(ey) == 2 <k>k2< a—B ) < a—B )

k=0 k=0 o
2 n— n—
= 2 Jlr ) [n(?m — 1)2n2(H) (g, ) — B" (n(n - 1)%(1 + %) " n% (1 N %> 1>
2 N9 _
- a”(( (Tl (1 8y )

= g n(Bn - 2)2 A (2, y)

— (n(n=1)(a+B)"?(a? + 8% +n(a+6)" (a+ B)]

= 2”_2n(3n — DI (z,9) — [n(n — 1)(2? + 2y)a" 2 + nm"]} .

(22 +4y) +4y)

(by repeated deductions using (1.3) ,(1.4) and (1.5)).

n n X a ﬁn k
s (e -2 (1)l +6><a_5 )

- mi<:>k2< 2 (R6)  L ()

= > ()R(=5)- J_" G- (1+5)"
+ n%(l + %)"71} + (aa_"ﬁ) {n(n — 1)52(1 + §>n—2 + ng (1 + g)n_l}

= nBn - 12 () +

— [0 = Dot )25~ a?)

+ n(a+B)" (8- a)
= n@3n—1)2" 2 (g, y) — n22" L.
(by repeated deductions using (1.3) ,(1.4) and (1.5)).

The proofs of (3.2) and (3.4) are similar to that of (3.1) and (3.3) respectively.
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Theorem 4 : The convolution identities at the level m = 3 are

(4.1) (})# s
k=0

= 1) [2n—3n2(n + 3)[1(1H) (z,y) — [(3713 . 3n2)x”*2y n ann]]

n n
43 > ( k) 3 ) £ (2, y)
= 2" (n+3) [ (2,y) — [(n® = 3n% + 2n)2" Py + nPa" ]
B A @i ()

= 2302 (n + 3) ) (2, ) + [(n® — 3n% + 2n)2" 3y + nd2" 7Y

Proof : The result in Table 1 for m = 3, Table 2 for B(3, 5), Bn(3, g) and the
equations (1.6) and (1.7) will take us through the derivation step by step for all four

identities.
(4.1) Z<n>k3 D)0 ) 1) (0 9) = S <n>’“3<ak_6k> <ank_ﬁnk>
. P k k ’ n—k\"" P k a—3 a_p
1 =~ (n n n n " /n a\k n " /n a\ k
-l (e - ()R(6) - X (1))
_ 1 2 n—37(H) n oi’ g n—3
_ <x2+4)[n (n+3)2" 31D, ) — 5" (n(n — 1)(n - 2) 3(”5)
O R (O i R (O G

(1
+ 3n(n— 1)52(1 + é)w2 +nf (1 + E)TH)}

« (0% «
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— (33241r4y) n2(n + 3)27 31U (3. ) — (n(n —1)(n—2)(a+B8)" 33 + 8%

+ 3n(n—(a+#)" 2 + 8 +nla+H)" " a+5))]

n?(n + 3)2"‘3&(7,1{) (x,y) — [(3725 —3n2)z" 2y + nsx"}

(2% + 4y)
(by repeated deductions using (1.3) ,(1.4) and (1.5)).

(4.3) Zn; <Z> 1D (2, 9) £ () = kZZ:O <:> B (o + %) <an::§nk>

- m{Z<Z>k3<a”—ﬁ”>—ﬁ”i<2>k3<;>’“+ani<z>k3<i>’1
S <Z>k3(a;:g”) _ (aﬂ_” - [ntn =0 -2 55 (1+4)"

n—2
+ 3n(n— 1)%(1 + %) + n%(l + %)”‘1} + 2

+ 3n(n— 1)52 (1+ g)ni? + ng (1+ g)nil}
5[ =D =20+ 56 ~ o)

+ 3n(n—1)(a+8)" (B~ a®) +nla+B)" (5 - a)]
= n?(n+3)2" 3 (2, y) — [(n® — 302 + 2n)a" 3y + ni2" ).

i
=)

1
= n’(n+3)2" 7 f{(2,y) + —

(by repeated deductions using (1.3) ,(1.4) and (1.5)).

The proofs of (4.2) and (4.4) are similar to that of (4.1) and (4.3) respectively.
The same procedure of employing generalized Binomial summation can be applied to

compute convolution identities at any level.
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