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Abstract

The goal of this Paper is to develop a new class of fuzzy sets for fuzzy topological
spaces, called gµ-closed fuzzy sets. This new class is positioned between the closed
fuzzy set and the gµ-closed fuzzy set classes. We also introduce and study some
new spaces, such as fuzzy cTgµ-spaces and fuzzy gµT gµ-spaces, as applications
of g-closed fuzzy sets, as well as the concept of fuzzy gµ -continuous, fuzzy gµ
-irresolute mappings, fuzzy gµ-closed maps, fuzzy gµ -open maps, and fuzzy gµ
-homeomorphism in fuzzy topological spaces. Stronger variants of fuzzy gµ-
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continuous functions have now been introduced and researched, including strongly
fuzzy gµ-continuous, perfectly fuzzy gµ-continuous, and absolutely fuzzy gµ-continuous.

1. Introduction

L. A. Zadeh [10] initially proposed the concept of fuzzy sets and fuzzy set operations in his

classic paper [10] in 1965. Following that, other academics worked on fuzzy set topology and

established the notion of fuzzy topological spaces. The concept of fuzzy subsets is naturally im-

portant in the study of fuzzy topology pioneered by C. L. Chang [3]. In the year 1970, N. Levine

[4] presented the concepts of generalised closed sets in general topology. In fuzzy topology, G.

Balasubramanian and P. Sundaram [2] proposed and investigated generalised closed fuzzy sets.

In 1981, K. K .Azad [1] presented semi-closed fuzzy sets. In the year 1998, H. Maki, T. Fukutake,

M. Kojima, and H. Harada [5] proposed semi-generalized closed fuzzy sets (briefly fsg - closed)

in fuzzy topological space. M. K. R. S. Veera Kumar [8] introduced and explored g - closed sets,

g - continuous, g - irresolute, g -closed, g -open maps for general topology in 2006. Stronger

variants of fuzzy g-continuous functions have now been introduced and researched, including

strongly fuzzy g-continuous, perfectly fuzzy g-continuous, and absolutely fuzzy g-continuous.

2 Stronger Forms of Fuzzy gµ-Continuous Functions

Definition 2.1 : If the inverse image of every gµ - open fuzzy set in Y is open fuzzy set in X,

a function f : X → Y is called strongly fuzzy gµ - continuous (briefly strongly fgµ-continuous).

Theorem 2.2 : If the inverse image of every gµ-closed fuzzy set in Y is a closed fuzzy set in

X, a function f : X → Y is strongly fgµ-continuous.

Proof : Assume f is a substantially fgµ-continuous function. Let F in Y be a gµ-closed fuzzy

set. 1F is then a gµ-open fuzzy set. f − 11(1F ) is an open fuzzy set in X because f is strongly

fgµ- continuous. However, because f − 1(1F ) = 1f − 1(F ), f − 1(F ) is a closed fuzzy set in X.

Assume that the closed fuzzy set in X is the inverse image of every gµ-closed fuzzy set in Y . If

V in Y is a gµ-open fuzzy set, then 1V is a gµ-closed fuzzy set in Y . f − 1(1F ) is a closed fuzzy

set in X, according to hypothesis. As a result, f − 1(1F ) = 1f − 1(F ), and f − 1(F ) is an open

fuzzy set in X. As a result, f is fgµ-continuous.

Theorem 2.3 : Every strongly fgµ-continuous function is a f -continuous function.

Proof : Let f : X → Y a highly fgµ- continuous function. If V is an open fuzzy set in Y , then

V is also a gµ-open fuzzy set in Y . Then in X, f − 1(F ) is an open fuzzy set. As a result, f is

an f -continuous function.
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As the following example shows, the converse of the preceding theorem does not have to be true.

Example 2.4 : f is f -continuous in Example 2.4.4 because B is an open fuzzy set in Y and

f − 1(B) = B is an open fuzzy set in X. However, because the fuzzy set C is a g-closed fuzzy

set in Y and f − 1(C) = C is not a closed fuzzy set in X, f is not strongly fg-continuous.

Theorem 2.5 : A strongly fgµ-continuous function is an f -strongly continuous function.

Proof : Let f : Be an f -strongly continuous function for X and Y . Assume V is a gµ-open

fuzzy set in Y . Then, because f is an strongly fgµ-continuous function, f − 1(V ) is both an

open and a closed fuzzy set in X. As a result, f is a fgµ-continuous function.

As the following example shows, the converse of the preceding theorem does not have to be true.

Example 2.6 : As the fuzzy set A1 in Y is such that f − 1(A1) = A2 is open but not closed

fuzzy set in X, f is strongly fgµ-continuous but not f -strongly continuous in Example 1.4.6.

Theorem 2.7 : Let f : X → Y should be f -continuous and fuzzy - TS# space. Then f is

strongly fgµ-continuous.

Proof : Assume V is a gµ-open fuzzy set in Y . Because Y is fuzzy - TS# space, V is an open

fuzzy set in Y . As f is f -continuous, f − 1(V ) is an open fuzzy set in X. As a result, f is

fgµ-continuous.

Theorem 2.8 : If f : X → Y and g : Y → Z are both strongly fgµ-continuous, then the

composition map gof : XZ then becomes a substantially fgµ-continuous function.

Proof : Assume V is a gµ-open fuzzy set in Z. Because g is strongly fgµ-continuous, g− 1(V )

is an open fuzzy set in Y . As a result, g − 1(V ) in Y is a gµ-open fuzzy set. f − 1(g − 1(V ) =

(gof)− 1(V ) is also an open fuzzy set in X since f is strongly fgµ-continuous. As a result, gof

is a fgµ-continuous function.

Theorem 2.9 : Let f : X → Y, g : Y → Z be maps such that f is strongly fgµ-continuous and

g is fgµ-continuous then gof : X → Z is f -continuous.

Proof : Let F be a closed fuzzy set in Z. Then g − 1(F ) is gµ-closed fuzzy set in Y . Since g

is fgµ-continuous. And since f is strongly fgµ-continuous, f − 1(g − 1(F ) = (gof) − 1(F ) is

closed fuzzy set in X. Hence gof is f -continuous.

Theorem 2.10 : If f : X → Y be strongly fgµ-continuous and g : Y → Z is fgµ-irresolute.

Then the composition map gof : X → Z is strongly fgµ-continuous.

Proof : Let V be gµ-open fuzzy set in Z. Then g − 1(V ) is gµ-open fuzzy set in Y since g is

fgµ-irresolute. And then f − 1(g − 1(V )) = (gof)− 1(V ) is open fuzzy set in X. Also since f

is strongly fgµ-continuous. Hence gof is strongly fgµ-continuous.
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3. Perfectly Fuzzy gµ - Continuous Functions

Definition 3.1 : A functions f : X → Y is called perfectly fuzzy gµ - continuous (briefly

perfectly fgµ-continuous) if the inverse image of every gµ - open fuzzy set in Y is both open

and closed fuzzy set in X.

Theorem 3.2 : A map f : X → Y is perfectly fgµ-continuous iff the inverse image of every

gµ-closed fuzzy set in Y is both open and closed fuzzy set in X.

Proof : Assume that f is perfectly fgµ-continuous. Let F be gµ-closed fuzzy set in Y . Then

1− F is gµ-open fuzzy set in Y . And therefore f − 1(1− F ) is both open and closed fuzzy set

in X. But f − 1(1−F ) = 1− f − 1(F ) and so f − 1(F ) is both open and closed fuzzy set in X.

Assume, on the other hand, that the inverse image of any gµ-closed fuzzy set in Y is both an

open and a closed fuzzy set in X. Assume V is a gµ-open fuzzy set in Y . Then in Y , 1V is

a gµ-closed fuzzy set. In X, f − 1(1V ) is both an open and a closed fuzzy set, according to

hypothesis. However, f − 1(1V ) = 1 f − 1(V ). As a result, in X, f − 1(V ) is both an open and

a closed fuzzy set. As a result, f is fgµ-continuous.

Theorem 3.3 : Every perfectly fgµ-continuous function is a f -continuous function.

Proof : Let f : X → Y be perfectly fgµ-continuous. Let V be open fuzzy set in Y , and so

V is gµ-open fuzzy set in Y . Since f is perfectly fgµ-continuous, then f − 1(V ) is both open

and closed fuzzy set in X. That is f − 1(V ) is open fuzzy set in X. Hence f is f -continuous

function.

The converse of the above theorem need not be true as seen from the following example.

Example 3.4 : In the Example 2.4.4, the function f is f -continuous but not perfectly fgµ-

continuous as the fuzzy set 1 − C = {(a, .3), (b, .5), (c, .2)} is gµ-open fuzzy set in Y and f −

1(1− C) = 1− C which is not both open and closed fuzzy set in X.

Theorem 3.5 : Every perfectly fgµ-continuous function is a f -perfectly continuous function.

Proof : Let f : X → Y be perfectly fgµ-continuous. Let V be open fuzzy set in Y then V be

gµ-open fuzzy set in Y . Since f is perfectly fgµ-continuous. Then f − 1(V ) is both open and

closed fuzzy set in X. And hence f is f -perfectly continuous function.

The converse of the above theorem need not be true as seen from the following example.

Example 3.6 : In the Example 2.4.4, the function f is f -perfectly continuous as the fuzzy set

B is open fuzzy set in Y , and its inverse image f − 1(B) = B is both open and closed fuzzy set

in X. But f is not perfectly fgµ-continuous as the fuzzy set 1 − C = {(a, .3), (b, .5), (c, .2)} is
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gµ-open fuzzy set in Y and f − 1(1− C) = 1− C which is not both open and closed fuzzy set

in X.

Theorem 3.7 : If f : X → Y is f -perfectly continuous and Y is fuzzy- TS# space. Then f is

a perfectly fgµ-continuous function.

Proof : Let V be gµ-open fuzzy set in Y . Then V is open fuzzy set in Y as Y is fuzzy- TS#

space. Since f is f -perfectly continuous, f − 1(V ) is both open and closed fuzzy set in X. And

therefore, f is perfectly fgµ-continuous function.

Theorem 3.8 : Every perfectly fgµ-continuous function is strongly fgµ- continuous function.

Proof : Let f : X → Y be perfectly fgµ-continuous. Let V be gµ-open fuzzy set in Y . And

then f − 1(V ) is both open and closed fuzzy set in X. Therefore f − 1(V ) is open fuzzy set in

X. Hence f is strongly fgµ-continuous function.

The converse of the above theorem need not be true as seen from the following example.

Example 3.9 : In the Example 2.4.6, the function f is strongly fgµ- continuous but not

perfectly fgµ-continuous as the fuzzy set A3 is gµ-closed fuzzy set in Y and f − 1(A3) = A3 is

not both open and closed fuzzy set in X.

Theorem 3.10 : Let f : X → Y, g : Y → Z be two perfectly fgµ-continuous functions then

gof : X → Z is perfectly fgµ-continuous.

Proof : Let V be gµ-open fuzzy set in Z. And then g − 1(V ) is both open and closed fuzzy

set in Y . Since g is perfectly fgµ-continuous, and therefore g − 1(V ) is gµ-open fuzzy set in Y .

Also since f is perfectly fgµ-continuous f −1(g−1(V )) = (gof)−1(V ) is both open and closed

fuzzy set in X. Hence gof is perfectly fgµ-continuous.

Theorem 3.11 : Let f : X → Y is perfectly fgµ-continuous and g : Y → Z is fgµ-irresolute

functions then gof : X → Z is perfectly fgµ-continuous functions.

Proof : Let V be gµ-open fuzzy set in Z. And then g−1(V ) is gµ-open fuzzy set in Y . Since g is

fgµ-irresolute functions. Also since f is perfectly fgµ continuous. f−1(g−1(V )) = (gof)−1(V )

is both open and closed fuzzy set in X. Hence gof is perfectly fgµ-continuous functions.

4. Completely Fuzzy gµ - Continuous Functions

Definition 4.1 : A map f : X → Y is completely fuzzy gµ - continuous (briefly completely

fgµ-continuous) if the inverse image of every gµ - open fuzzy set in Y is regular-open fuzzy set

in X.

Theorem 4.2 : A map f : X → Y is completely fgµ-continuous iff the inverse image of every
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gµ-closed fuzzy set in Y is regular-closed fuzzy set in X.

Proof : Suppose f is completely fgµ-continuous. Let F be gµ-closed fuzzy set in Y . Then

1−F is gµ-open fuzzy set in Y . And therefore f −1(1−F ) is regular-open fuzzy set in X. Now

f − 1(1− F ) = 1− f − 1(F ). And therefore f − 1(F ) is regular-closed fuzzy set in X.

Assume that the regular-closed fuzzy set in X is the inverse image of every gµ-closed fuzzy

set in Y . Assume V is a gµ-open fuzzy set in Y . Then in Y, 1V is a gµ-closed fuzzy set.

f − 1(1V ) is a regular-closed fuzzy set in X, according to the hypothesis. Now f − 1(1V ) =

1f − 1f − 1f − 1f1f − 1f − 1f1f(V ). As a result, in X, f − 1(V ) is a regular-open fuzzy set.

As a result, f is a fgµ-continuous function.

Theorem 4.3 : Every completely fgµ-continuous function is a f -continuous function.

Proof : Let f : X → Y be completely fgµ-continuous function. Let V be open fuzzy set in Y .

Then V is gµ-open fuzzy set in Y . And then f − 1(V ) is both regular-open fuzzy set in X, and

therefore f − 1(V ) is open fuzzy set in X. Hence f is f -continuous function.

The converse of the above theorem need not be true as seen from the following example.

Example 4.4 : In the Example 1.4.4, the function f is f - continuous but not completely

fgµ-continuous as the fuzzy set 1 − C = {(a, .3), (b, .5), (c, .2)} is gµ-open fuzzy set in Y and

f − 1(1− C) = 1− C which is not regular-open fuzzy set in X.

Theorem 4.5 : Every completely fgµ-continuous function is a f -completely continuous func-

tion.

Proof : Let f : X → Y be completely fgµ-continuous. Let V be open fuzzy set in Y . Then

V be gµ-open fuzzy set in Y . And then f − 1(V ) is regular-open fuzzy set in X. Hence f is

f -completely continuous function.

The converse of the above theorem need not be true as seen from the following example.

Example 4.6 : In the Example 1.4.4, the function f is f -completely continuous as the fuzzy

set B is open fuzzy set in Y , and its inverse image f − 1(B) = B is regular-open fuzzy set in

X. But f is not completely fgµ-continuous as the fuzzy set 1 − C = {(a, .3), (b, .5), (c, .2)} is

gµ-open fuzzy set in Y and f − 1(1− C) = 1− C which is not regular-open fuzzy set in X.

Theorem 4.7 : Every completely fgµ-continuous function is strongly fgµ-continuous.

Proof : Let f : X → Y be completely fgµ-continuous. Let V be gµ-open fuzzy set in Y . And

then f − 1(V ) is regular-open fuzzy set in X. And therefore f − 1(V ) is open fuzzy set in X.

Hence f is strongly fgµ-continuous.

The converse of the above theorem need not be true as seen from the following example.
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Example 4.8 : In the Example 1.4.6, the function f is strongly fgµ- continuous but not

completely fgµ-continuous as the fuzzy set A3 is gµ-closed fuzzy set in Y and its inverse image

f − 1(A3) = A3 is not regular-closed fuzzy set in X.

Theorem 4.9 : If f : X → Y is f -completely continuous and Y is fuzzy- TS# space. Then f

is a completely fgµ-continuous function.

Proof : Let V be gµ-open fuzzy set in Y . Then V is open fuzzy set in Y since Y is fuzzy- TS#

space. Also since f is f -completely continuous, f − 1(V ) is regular-open fuzzy set in X. And

hence f is completely fgµ-continuous function.

Theorem 4.10 : Let f : X → Y is completely fgµ-continuous and g : Y → Z is fgµ-irresolute

functions then gof : X → Z is completely fgµ-continuous functions.

Proof : Let V gµ-open fuzzy set in Z. And then g − 1(V ) is gµ-open fuzzy set in Y . Since g is

fgµ-irresolute functions. Also since f is completely fgµ- continuous. And then f−1(g−1(V )) =

(gof)− 1(V ) is regular-open fuzzy set in X. Hence gof is completely fgµ-continuous functions.

Theorem 4.11 : If f : X → Y and g : Y → Z be two completely fgµ-continuous functions

then gof : X → Z is completely fgµ-continuous functions.

Proof : Assume V is a gµ-open fuzzy set in Z. The regular-open fuzzy set in Y is then g−1(V ).

Because g is fully fgµ-continuous. As a result, g−1(V ) is an open fuzzy set, and gµ-open fuzzy

set is an open fuzzy set in Y . f − 1(g− 1(V )) = (gof)− 1(V ) is also a regular-open fuzzy set in

X because f is a perfectly fgµ-continuous function. As a result, gof is a fully fµg-continuous

function.
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