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Abstract

The aim of this manuscript is to establish fixed point results satisfying contractive
conditions of rational type in the setting of b-metric spaces. The results proved
herein are the generalization and extension of some well known results in the ex-
isting literature. Example is also given in order to illustrate the validity of the
presented results.

1. Introduction and Preliminaries
The Banach contraction principle [2] is considered to be the pioneering result of the
fixed point theory, and plays an important role for solving existence problems in
many branches of nonlinear analysis. This principle asserts if (X, d) is a complete
metric space and K : X — X satisfies

d(Kz, Ky) < Md(zx,y), (1.1)

for all z,y € X with A € [0,1), then K has a unique fixed point.
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This principle have been improved and extended by several mathematicians in
different directions some of them are as follows. Let K be a mapping on a metric
space (X,d) and x,y € X, then K is said to be

1. Kannan type contraction [10], if there exists a number A € [0, 1) such that

d(Kz, Ky) < Md(z, Kz) + d(y, Ky)]. (1.2)

2. Chatterjee type contraction [4], if there exists a number A € [0, 1) such that
A(Kx, Ky) < \d(z, Ky) + d(y, K7)]. (13)
3. Reich type contraction [12], if there exists a number A, u,v € [0,1) with
A+ p+ v < 1 such that
d(Kz, Ky) < Md(z,y) + pd(z, Kz) + vd(y, Ky). (1.4)
4. Das and Gupta [7] rational type contraction, if there exists a number A, u €
[0,1) with A + p < 1 such that

d(y, Ky)[1 + d(z, Kx)] '

d(Kz, Ky) < Ad(z,y) + I+ )

(1.5)

The contractive conditions on underlying functions play an important role for
finding solutions of metric fixed point problems. Inspired from the impact of
this natural idea, the above contractions have been extended and generalized
by several researchers in various spaces such as quasi-metric spaces, cone metric
spaces, G-metric spaces, partial metric spaces and vector valued metric spaces etc.
Following this trend, Bakhtin [1] and Czerwik [5] generalized metric space with non
Hausdorff topology called b.metric space to overcome the problem of measurable
functions with respect to measure and their convergence. They presented the
generalization of the Banach contraction principle in b.metric spaces. Since then,
several papers has been studied by many authors dealing with the existence of
fixed point in b.metric spaces (see, [3, 6, 8, 9, 11, 13, 14] and the references
therein).

The aim of this contribution is to investigate some fixed point results using the
concept of the contractive conditions of rational type in the context of b.metric
spaces. Moreover, an example is given here to illustrate the validity of the obtained
results. Actually the derived results generalizes the results of [2, 4, 7, 10, 12].
Now, we recall some essential notations, definitions and primary results known
in the literature. Through- out this manuscript, R = set of real numbers, R+ =
[0,00) and N = set of positive integers.

Definition 1.1. [1, 5] : Let X be a nonempty set. A function d : X x X — R+
is called a b-metric with coefficient s > 1 if:



FIXED POINT AND COMMON FIXED POINT THEOREM IN... 27

(1) d(z,y) =0 &z =y;
(2) d(z,y) = d(y, 2)Ve,y € X;
(3) d(z,y) < sld(z,y) +d(z,y)] V 2,y,2 € X.

Then the pair (X, d) is called a b-metric space.

Remark 1.1 : Every metric space is b-metric space with s = 1, but in general, a
b- metric space need not necessarily be a metric space, as in below example 1.1,
(X,d) is b-metric space but not a metric space (see also, examples in [6, 13]).
Example 1.1 : Let X = R and let the mapping d : X x X — R+ be defined by
d(z,y) = |z —y|? for all z,y € X. Then (X, d) is a b-metric space with coefficient
s =2.

Sintunavarat [14] generalized Example 1.1 as:

Example 1.2 : Let (X, p) be a metric space and p > 1 be a given real number.
Then d(z,y) = [p(z, y)]? is a b-metric on X with parameter s < 2P~1,

The following example 1.3 shows that b-metric is not continuous in general (see
also, examples in [9, 11]).

Example 1.3. [8] : Let X = N U {oo} and d: X x X — R be defined by

0, if m=n,
‘% %‘ if one of m,n is even and
d(m,n) = the other is even (and m = n) or oo
’ 5, if one of m, n is odd and
the other is odd (and m = n) or co
2 otherwise

Then, considering all possible cases, it can be checked that (X, d) is a b- metric
space with s = g However, let z, = 2n for eachn € N. Then limn — ood(2n, 00) =
lim ;- = 0, that is, z, — oo, but d(z,,1) =2/ — 5 = d(co,1) as n — oo.

n—oo 2n

Definition 1.2 [3] : Let {z,,} be a sequence in b-metric space (X,d) and z € X.
Then

1. {x,} converges to z if and only if for every ¢ > 0, there exists n(e) € N,

such that d(z,,z) < € for all n > n(e) and we write lim d(z,,z) = 0 or
n—oo

lim z, = z.
n—oo
2. {z,} is a Cauchy sequence if for every € > 0, there exists n(e) € N, such that
d(xp, xm) < € for all m,n > n(e).
Proposition 1.1 [3] : In a b-metric space (X, d), the following assertions hold:

e a convergent sequence has a unique limit;
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e cach convergent sequence is Cauchy;

e ametric space (X, d) is complete if every Cauchy sequence is convergent in X.

2. Fixed Point Results in b-metric Spaces

To present the main results, we need the following lemma.

Lemma 2.1 : Let (X,d) be a complete b-metric space and L : X — X. Let
zo € X and define the sequence {x,} by

Lr,=x,.1 ¥V n=012---
Let there exists a mapping A : X x X — [0, 1) satisfying
MLz, y) < AMz,y) and A(z, Ly) < A(z,y) for all z,y € X.

Then A(z,,y) < AMzo,y) and Az, z,41) < AMx,z7) for all z,y € X and n =
0,1,2,-
Proof : Let z,y € X and n=0,1,2,---, then

A(@n, y) = AMLan-1,y) < Man-1,y) = MLn-2,y) < Mxn-2,y) = -+ < Mo, ¥)-
Similarly,
Mz, Tpy1) = Mz, Lay,) < Mz, x,) = Mz, Lr,—1) = -+ < Mz, z9).

3. Main Results

Theorem 3.1 :. Let (X, d) be a complete b-metric space and A\; : X x X — [0, 1),
1=1,2,---,6. If L: X — X be aself-map such that for all x,y € X the following
conditions are satisfied:

(i) Al(vay) S )‘i(ajvy> and )\l({lf,Ly) S )‘i(xvy)§
(i)

vy (2, y)[d(z, La;) + d(y, Ly)] Y (x’y)d(y, Lﬁldadg’ La)]
_|_)\5($’ y> d<xa Ly)d(xv Ll’) 1 )\6(1’, y) d(l’, Ly)d(y, Lx)

s[l1+d(x,y)] s[1 +d(z,y)d(y, Lz)]’

where \o(z,y) + A3(z,y) + As(2,y) —1—32)\ (x,y) <1, with 0 < Z)\ (z,y) < 1.

=1

Then the mapping L has a unique ﬁxed pomt in X.
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Proof : Let zp € X and construct a sequence {z,} by the rule

Lx, =x,01, ¥V n=0,1,2,--- (3.1)

First, we show that {x,} is a Cauchy sequence in X. For this, consider

d(Tny1; Tnya) = d(Lag, Lo, y),

by using condition (ii) of Theorem 3.1 with = = x,, and y = 2,41, we have

[d(xy, Lryi1) + d(xpeq, Lxy,)]

d(Lxyn, Lrpi1) < A(Zp, Tng1)d(Tn, Tns1) + Ao (20, Tnya)
+A3(Zp, Tpy1)[d( T, Ly)d + d(zp i1, LEgq)]

d(xpi1, Lxys)[1 + d(zn, Lz,)]
1+ d(n, Tni1)

d(xy, Lr,q)d(x,, Lx,)

s[1 + d(wp, Tni1)]
d(xy, Ly1)d(x,, 1, Lay,)
1+ d(zn, Tny1)d(zpy1, Lzy)]

S

+)\4<xn; :L‘n-i-l)

+)\5 (xna anrl)

)\6(xn7 anrl) 8[

Using (3.1), we get

) (0, Tpi2) + d(Tni1, Tngr)]

d(xn+17 xn+2) S /\1 (xna In—l—l)d('fn, xn—s—l) + )\2<an, Tp+1

+/\3(xn7 xn—l—l) [d(xm CCn—i—l) + d(xn-i—h $n+2)]

d(Tny1, Tnga)[1 + d(2n, Tnga)]
L+ d(n, Tni1)

d(T, Tny2)d(Tn, Tngr)

s[1 + d(wp, Tni1)]

(T, Try2) + d(Tny1, Tng)

L+ d(2p, Tng1)d(Tpg1, Tny)]

+A4(xn7 xn—i—l)

+)\5 (-Tna xn—i—l)

+>\6<xn7 'TnJrl) S[
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with the help of condition (i) of Theorem 3.1, we get

d(xn—&-h xn+2) S

IN

A1 (.T(), Z‘(])d(.rn, xn—i—l)

+/\2 (1707 Zo [d(xn7 xn+2) +Sd<xn+1’ xn+1)]

)
+A3(z0, 20) [d(Tn, Try1) + d(Tpy1, Tnga)]
)

d(Tni1, Toy2)[1 + d(Tn, Tnga)]
1+ d(xn, Tpgr)
d(T, Try2)d(Tr, Tg1)
s[4+ d(xp, Tnat)]

‘|‘>\4([L’0, Zo

+)\5 (.%'0, xo)

d T, Tp,

/\1 (.To, flf(])d(l‘n, In—l—l) + )\2(1‘0, xo)%
+A3(ZL’0, IO)[d(xnv xn—‘rl) + d<xn+1, I?’H—Q)]

A&, Tns2)

+ (20, 20)d(Tps1, Tnra) + As(xo, o) 5

Using triangular inequality, we get

d(Tns1, Tny2)

which implies that

d(an, $n+2> <

Me

Let h = =2

< Ao, 2o)d(Tn, Try1)

+A2 (w0, %0) [A(Tns Tns1) + d(Tnt1, Tni2)]
+A3(20, ©0)[d(Tn, Tnt1) + d(Tpt1, Trto)]
+ (o, 0)d(Tpa1, Thio)

( )

+/\5 Lo, Lo [d(xm anrl) + d<xn+1; xn+2>]v

d
d

3
> Ailwo, xo) + As(o, x0)
i=1

d(x'm xn—l—l)-

5
1-— Z /\i(l’o, ZL‘Q)

=2

Xi(z0,20)+As5(x0,%0)

5
1— Z )\i(wo,:vo)
1=2

Similarly,

Consequently,

< % Then

d($n+1a wn+2) S hd<xna xn-‘,—l)-

d(xn7 xn—s—l) S hd(xn—la 'rn)

d($n+2>xn+l) S hd(anrla xn) S th(l'n,.an,l) S e S hn+1d<x17 ilf()).
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Now, for m > n and sh < 1, we have

d(In,l'm) S Sd(xn7$n+1;$n+2) + SQd(l‘n—i—l;xn—&—Z) S e S hn+1d(x17170)
< sh™d(z1,x0) + STh" (g, 20) + - 4+ S™TRT T (2, 20)
< [sh™ 4 AT o SR d (2, 20)
< sh™1+ (sh)' + (sh)® + -+ + (sh)™ " d(z1, o)

sh™
< - Shd(%,ﬂfo)-
Therefore lim d(z,,z,) = 0. Hence, {z,} is a Cauchy sequence. But X is
n—oo

complete, so there exists t € X such that z,, -t as n — n.
Next, we show that ¢ is a fixed point of L. For this, assume that Lt # ¢, then
d(t, Lt) # 0. Now

d(t, Lt) < d(t, Lz,) + d(Lz,, Lt). (3.2)

By applying condition (ii) of Theorem 3.1, equation (3.2) become

[d(z,, Lt) + d(t, Lz,,)]
d(t, Lts)u + d(zp, Lzy,)]

1+d(x,,t)
d(x,, Lt)d(t, Lz,)
1+ d(z,, t)d(t, Lz,)]

d(t,Lt) < d(t,Lz,) + M(xn, t)d(x,, t) + Aoz, t)

+>\3(Im t)[d(xn, L.Tn) + d(t, Lt)] + )\4(.%‘7“ t)

d(x,, Lt)d(zy, Lz,)
s[1+d(x,,t)]

+)\5<£L'n,t) + A@(l‘n,t)s

with the help of equation (3.1) and condition (i) of Theorem 3.1, we can write

[d(zy, Lt) + d(t, Tp41)]
d(t, Lts)[l + d(zp, Tna1)]
1+ d(zy,t)
d(xy,, Lt)d(t, xye1)
1+ d(xp, t)d(t, xn1)]

d<t7 Lt) S d(tv 'T'rL+1) + )\1(:607 t)d(xnu t) + )\2(:607 t)

+A3(xo, t)[d(xy, Tpy1) + d(t, Lt)] + Ay(20, 1)

d(xy,, Lt)d(zp, Tpi1)]
s[1+ d(wn,t)]

+>\5<I0,t) + Aﬁ(l’o,t)s

Taking limit as n — oo, we get

d(t, Lt)

d(t, Lt) < Xa(zo, 1) + As(zo, t)d(t, Lt) 4+ Aa(zo, t)d(t, Lt).

At ) < D20, 1) + 5h(20. 1) + sha(z0, £)] 2D,

(3.3)

But A\a(20,1) + sA3(20, 1) + sA4(20,t) < 1, so the above inequality (3.3) contradict
the fact that d(t, Lt) # 0. Thus Lt = t. Hence t is a fixed point of L.
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Finally, we have to show that ¢ is a unique fixed point of L. For this, let t* # tt
be another fixed point of L. Then on putting x =t and y = ¢. in condition (ii) of
Theorem 3.1, we get

d(t,t*) = d(Lt, Lt")
d(t, Lt*)[1 + d(t*, Lt)]

S

+A3(t, t7)[d(t, Lt) + d(t*, Lt")] + A\ (¢, t7)

d(t*, Lt*)[1 + d(t, Lt)]
14 d(t,t*)

(d(t, Lt*)d(t*, Lt)]

S[L+ d(t, t*)d(t", Lt)]

d(t, t*) + d(t*,t)]

[d(t, Lt*)d(t, Lt)]
s[1+d(t, tx)]
A (8, £9)d(E 1) + Aot )

[d(t, t*)d(t", t)]
s[L+ d(t, t*)d(t*, Lt)]’

+>\5 (t7 t*)

+ /\G(ta t*)

IN

+>\6(t7 t*)

implies that

A1) < M)A E) + Mot 1)

[d(t, ¢7)d(t", t)]
S[L+ d(t, £)d(t*, 1))

2(t, t)
S

At )
d(t*t)

< Mt £) + halt#) + ho(t )] =,

which is contradiction because sA;(t,t*) + 2Xo(t,t*) + A6(t,t*) < 1. Hence ¢ is a
unique fixed point of L.

From Theorem 3.1, we can easily derive the following corollaries and the proofs
of which are simple.

Corollary 3.1 : Let (X, d) be a complete b-metric space and \; : X x X — [0, 1),
1 =1,3. If L : X — X be a self-map such that for all z,y € X the following
conditions are satisfied:

(i) d(L, Ly) < As(x, y)|d(z, Lz) + d(y, Ly)],

where 0 < A\3(x,y) < 54%1 Then the mapping L has a unique fixed point in X.
Corollary 3.2 : Let (X, d) be a complete b-metric space and A; : X x X — [0, 1),
1=1,2,---,8 If L : X — X be aself-map such that for all z,y € X the following
conditions are satisfied:

(i) Ni(Lz,y) < Ni(z,y) and \;(x, Ly) < A\i(z,y);
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(i) d(Lz, Ly) < gz, y) L) td.Lo)]

where 0 < \y(x, y)sfl Then the mapping L has a unique fixed point in X.
Corollary 3.3 : Let (X, d) be a complete b-metric space and A : X x X — [0, 1),
1 =1,4. If L : X — X be a self-map such that for all z,y € X the following
conditions are satisfied:

(i) d(La, Ly) < Aa(a,y)d(e,y) + Ao, y) Lllbsde.Le)

where 0 < sA;(z,y) + M\(z,y) < 1. Then the mapping L has a unique fixed point
in X.

Corollary 3.4 : Let (X, d) be a complete b-metric space and \; : X x X — [0, 1),
1 =1,2,3. If L : X — X be a self-map such that for all z,y € X the following
conditions are satisfied:

(i) d(Lx, Ly) < M (z,y)d(z,y) + Aa(z,y)d(z, Lz) + A3(z, y)d(y, Ly),

where 0 < s[A\1(x,y) + Aa(x,y)] + A3(x,y) < 1. Then the mapping L has a unique
fixed point in X.

Corollary 3.5 :. Let A\¢ = 0 and all other conditions of Theorem 3.1 are satisfied,
then L has a unique fixed point in X.

Corollary 3.6 : Let A\; = \¢ = 0 and all other conditions of Theorem 3.1 are
satisfied, then L has a unique fixed point in X.

Corollary 3.7 : Let Ay = A3 = 0 and all other conditions of Theorem 3.1 are
satisfied, then L has a unique fixed point in X.

Corollary 3.8 : Let Ay = A5 = A\¢ = 0 and all other conditions of Theorem 3.1
are satisfied, then L has a unique fixed point in X.

4. Common Fixed Point Results in b-metric Spaces

For the proof of our next result we use the following Lemma.

Lemma 4.1 : Let (X,d) be a complete b-metric space and K, L : X — X. Let
zo € X and define the sequence {x,} by

Kxop = x9p01 and Lxo,y1 = Xopio V n=0,1,2,---.
Let there exists a mapping A : X x X — [0, 1) satisfying
MLKz,y) < Mz,y) and Az, KLy) < A(z,y), forall z,y € X.
Then

AMZon, y) < Mg, y) and Az, x9,11) < Az, 1) forall z,y € X.
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Theorem 4.1 : Let (X,d) be a complete b-metric space with s > 1 and J; :
XxX—=1[0,1),i=1,2,---,5. f K,L: X — X be two self-mappings such that
for all z,y € X the following conditions are satisfied:

(i) Mi(LKz,y) < N\(x,y) and \(z, KLy) < \i(z,9);
(ii)
UKa, L) < Mlad(a,g) + Dol DT )
d(y, Kz)[d(x, Ly) + d(y, Ly)]
s[l+d(z,y)]
d(y, Ly)|d(z, Kz) + d(y, Kz)]
s[1+d(x,y)]
d(z, Ly)[d(z, Kz) + d(y, Kz)]
s[1+d(z,y)]

+)\3 (Q?, y)

+)\4(.T, y)

+)\5 (I, y)

5 5 5
where - Ni(z,y)+5 3 Xi(@,y)+ Lo (z,y) + (2, y)] < 1, with 0 < 3 Ni(z,y) <
=2 =1 =1

1. Then K and L have a unique common fixed point in X.
Proof : Let 2y € X and construct a sequence {z,} by the rule

Ko, = 29,41 and Looyi1 = Topia, V n=0,1,2,--- (4.1)
First we to show that {z,} is a Cauchy sequence in X. For this, consider
d(Topy1, Tox) = d(K Lgy, 1, Lrgy1).
By using condition (ii) of Theorem 4.1 with x = Lzor_; and y = w9x_1, we have

d(KLIQkA, Lﬂiqu) < )\1<Lx2k717'T2k71)d(Lx2k717kafl)
d(Laog—1, K Log—1)[d(Laop—1, Lrok—1) + d(@op—1, Lxop—1)]
s[1 4+ d(Lxog—1, Top—1)]
d(xop—1, K Lop—1)[d(Lwop_1, Lrog_1) + d(wor—1, Lrop_1)]
s[1 + d(Laop—1, Top—1)]
d(2op—1, Lrok—1)[d(Lrok—1, K Lrog—1) + d(wop—1, K Lroy_1)]
s[1 + d(Lxog—1, Tor—1)]
d(2op—1, Lrok—1)[d(Lrok—1, K Lrog—1) + d(wop—1, K Laog_1)]
s[1+ d(Lxog_1, Top_1)] '

+ o (Lxog—1, Top—1)

+A3(Lxgg_1, Tok—1)

+ Ay (Lxog_1, Tog—1)

+ 5 (Lxog—1, Tog—1)
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By equation (4.1), we get

d($2k+1, flfzk)

<

IN

IN

)\1($2k, 1321{71)65(%214, x2k71)
d(Zok, Tor1)[d(@or, Tog) + d(Top—1, Tor)]
s[1 + d(xok, Tor—_1)]

d(Zok—1, Tog+1) [d(Tok, Tor) + d(T2—1, Tor)]
s[1 + d(wok, xor_1)]

d(or—1, Tor) [d(@ok, Top+1) + d(Tor—1, Tort1)]

s[1 4 d(vok, T2-1)]

d(Zok, Tor) [d( @k, Tor41) + d(Top—1, Tokt1)]

s[1 4 d(zok, Tor—1)]

+ o (Tok, Tog—1)

+A3(Tok, Tok—1)

+a(2ok, Top—1)

+ 5 (g, Tog—1)

/\1($2k, $2k—1)d(I2k, 902k—1)
d(902k, $2k+1)d<x2k717 332k)
s[1 4 d(wok, Tor—1)]
d(l‘%—b I2k+1)d(I2k—1, xzk)
s[1 4 d(vok, Tor—1)]
d(@k; $2k+1)d($2k—1, $2k+1)
S

+ o2k, Top—1)

+A3(@ak, Tog—1)

+ i@k, Top—1)

d(xog, T

A1 <$2k7 x2k71)d($2k, ng,l) + )\2<gj2k, Q;le)%
d($2k71, $2k+1)

) S

)d(ﬂﬁzk, Topr1) + d(Tog—1-Togs1)

S

+A3(Tak, Tag—1

+ A4 (2ok, Tag—1

From Lemma 4.1 and triangular inequality, we can write

d($2k+1, SUzk)

< Ai(zo, z1)d(zo, Tor—1) + X220, 21)

(o, T2k41)
5
d(xok, x
+)\3 (’1.0’ xl)[d('ka*la x?k) + d(:UQk, $2k+1)])\4<l‘0’ xl)M

+ s (0, 1) [d(@ok-1, Tog) + d(Top, Topi1)].

Finally one can get

A1 (2o, 1) A3(o, 1) + Aa(o, 21)

d(zop41, Tag) <

1— (%/\2(%, 1) + Ao, 21) + LN (2o, 1)

> d(:EQk; m2]4;—1)-
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Let
5
Z )\i(xm $1) 1
h = =1 < -
1 - ((1—;@/\2(%, r1) + A3(xo, 1) + (I—Jsrs))\zl(ivo?%) + )\5(9007%)) 5
Then
d(Toks1, o) < hd(xok, Tog—1)- (4.2)
Similarly, consider
d(l’gk_l, :L‘gk) = d(KJZQk_Q, LKfL’Qk_Q). (43)

By applying condition (ii) of Theorem 4.1 with z = x9;_o and y = Kxo,_o to
equation (4.3), we get
d(K$2k—2, LK$2k—2) < )\1($2k—2, K$2k—2)d(332k—2, Kﬂ?zk—z)

d(zok—2, Kxok_o)[d(xok—2, LK To_2) + d(K o2, Lkxoy_s)]
s[1 + d(xop—2, K2or_2)]

d(Kxop—2, Kok_o)[d(Tok—o, Lkxop_o) + d(Kxoy_o, Lkxog_s)]
s[1 + d(xop_2, Kxop_2)]

d(Kﬂf%—z, LKﬂf%—z) [d(£132k—2, Kﬂ?zk—Q) + d(K$2k—2, Kﬂ?zk—z)]
s[1 + d(wop—2, Kxo—2)]

d(Kxop—o, LK xop_o)|[d(@op—2, K2or—2) + d(K oo, KTor_2)]

+ o (@og—2, KTop_2)

)\3(1‘%—2, KI2k—2)

)\4($2k—2, KI%—2)

A —o, Koy
+ 5(-%'2]6 2 Loy 2) S[l-'—d(ka.,z,KﬁCQk,Q)]

with the help of (4.1), we get

d(Top—1,%or) < Ai(Tor—2, Top—1)d(Top—2, Top—1)
d(ok—2, Top—1)[d(Tor—2, Tor) + d(T26—1, Tor)]
s[1+ d(zop—2, Tok—1)]
d(or—1, Top—1)[d(Tor—2, Tor) + d(T2r—1, Tor)]
s[1+d(x2k — 2, x95—1)]
d(Zor—1, Top)[d(Top—2, Top—1) + d(T2p—1, Top—1)]
s[1 + d(wop—2, Tor—1)]
d(Kxok—2, Top) [d(Tok—2, Tok—1) + d(@op—1, Top—1)]

/\2(51721%27 1?21%1)

/\S(ka—% 1‘2k-1)

+ A4 (Tok—2, Tog_1)

A . _

+ A1 (Tok—2, Tok—1)d(Tok—2, Tog_1)
)d(l’zkfz, Tok) + d(Tok—1, Tox)
s

Ao (Tok—2, Tog—1

)d($2k71a 1’2k) )d(372k727 x2k)

+ A5 (@ok—2, Top—1 5

/\4($2k—2, Tok—1
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Using Lemma 4.1, one can get

d(xop—1,T2) < A(xo,21)d(Tok—2, Tok—1)
+ Ao (0, 21)[d(2k—2, Tagp—1) + d(Tok—1, Tok)
)d(xgk—h Tok)

+A3(z0, 71 5

)
)M -
)

+As5(z0, 1) [d(T2n—2, Tap—1) + d(@ok—1, Top)]-
Finally,

A1 (2o, 1) + Ao (20, 1) + As(2o, 1)
1-— (%)\2(1‘0, 1'1) + %)\4(%0,1‘1) + )\5(%0,1‘1)

d(zok—1, Tor) < )d($2k727 Tog—1).

Implies that
d(zok—1, Tor) < hd(xog_o, Tog—1) (4.4)

Now, from equations (4.2) and (4.4), we have
d(wops1, Tok) < hd(@ok, Top—1) < hd(Top—1, Top—2).-
Consequently, we can write
A(Tpy1, Tn) < hd(Tp, po1) < B2d(Top—1, Tnog) < -+ < B2d(21, 20).

Now, for m > n and sh < 1, we have

d(ZEn, xm) S Sd(x'm xn—i—l) + SQd(J}n+1, xn+2) +--+ Sm_nd(xm—la xm)
< sh™d(xy,20) + 8*R" (2, 10) + - - -+ SR (g, 20)
S [Shn+82hn+1 I —f-Sm_nhm_l]d(fL‘l,l’o)
< sh™[1+ (s5)' + (sh)? + -+ + (sh™ " H]d(z1, 7o)
sh™
S I_Shd<ﬁl]1,$0>.
Therefore lim d(z,,2,) = 0. Hence, {x,}nis a Cauchy sequence. But X is
n—oo

complete, so there exists t € X such that z,, — t as n — oc.
Next, to show that ¢ is a fixed point of K. For this, consider

d(t, Kt) S d(t, L$2n+1) -+ d(L$2n+1, Kt)
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Using condition (ii) of Theorem 4.1 with z =t and y = 3,41, we have

d(t, Kt) < d(t, Lrans1) + M(t, 2ona1)d(t, Toni1)
d(t, Kt)[d(t, Lxoni1) + d(xony1, Lrani1)]

s[1 + d(t, w2 41)]
d(xony1, Kt)[d(t, Lxon 1) + d(xoni1, Laoni1)]

s[1 4 d(t, xon+1)]

d(xony1, Lroni1)[d(t, Kt) + d(x2, 1, Kt)]

s[1 + d(t, z2n41)]
d(t, Lro,1)[d(t, Kt) + d(xeny1, Kt)]

[+ d(t, Tans1)] |

Using equation (4.1) and Proposition 4.1, we get

d(t, Kt) < d(t,zani2) + M(t, x1)d(t, Top41)
d(t, Kt)[d(t, Tany2) + d(T2ni1, Tany2)]
s[1 4+ d(t, x2n41)]
d(w2p 11, Kt)[d(t, Lvonio) + d(T2n11, Lrono)]
s[1 + d(t, x2p41)]
d(‘r?n-&-l? $2n+2)[d(t> Kt) + d(x2n+17 Kt)]
s[1+d(t, xoni1)]
d(t, Tons2)[d(t, Kt) + d(xon41, Kt)]
s[1 4 d(t, z9n+1)] '
Taking limit as n — oo, we get d(Kt,t) < 0. Thus d(Kt,t) = 0 implies that
Kt =1t. Hence t is a fixed point of K.
Analogously, using condition (ii) of Theorem 4.1 with = x5, and y = ¢ one can

show that ¢ is a fixed point of L. Therefore Kt = Lt = t, that is ¢t is a common
fixed point of K and L.

Finally, we prove that ¢ is a unique common fixed point of K and L. For this,
suppose that t* # t be another fixed point of K and L. Then putting z = t and
y = t* in condition (ii) of Theorem 4.1, we have
d(t, Kt)[d(t, Lt*) + d(t*, Lt*)]
s[1 4 d(t, t*)]
d(t*, Kt)[d(t, Lt*) 4+ d(t*, Lt*)]
s[1+d(t,t*)]
d(t*, Lt*)[d(t, Kt) 4+ d(t*, Kt)]
s[1+d(t,t%)]
d(t, Lt")[d(t, Kt) + d(t*, Kt)]
s[1 +d(t, t*)]

+ Ao (t, Tont1)

+A3(t, Tont1)

+ A (t, Tont1)

+A5(t, Tont1)

‘|‘)\2(t, 1‘1)

+)\3(t, xl)

+\a(t, x1)

+)\5(t, 1‘1)

d(Kt L) < Mt E)d(t, ) + Mao(t, t)

+)\3 (tv t*)

+A4(t, 1)

s (t, 1)
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which implies that

d(t*,t)d(t,t*)
s[1 4 d(t, t*)] As(t, £ s[1 4 d(t, t*)]
d(t*,t) o )d( )

< [S)\l(t, t*) + )\3(157 t*) + )\5(25’ t*)] d(ta t*)

A(t,t7) < A(t, 7)d(t, ) + As d(t, t)d(t", 1)

which is contradiction because sAq (¢," )+A+3(¢, t*)+As5 (¢, t*) < 1, thus d(¢*, ) = 0
and hence t* =t.
Therefore ¢ is a unique common fixed point of K and L.
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