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Abstract

In this paper, we have established continued fraction representations for certain
special type of series.

1. Introduction Notations and Definitions
We shall use the following usual notations and definitions. Let,
1 if n = 0;
(CL, Q)n =
(1—-a)(1—aq)(1—ag?®) ...,(1 —ag™ ') ifn>1.

We define the basic hypergeometric series as,
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& a1,a2,0a3, ..., Ar;4; 2
r¥s
bla b27 b37 (XY} bS

:i [a1; gln[a2; gln---[ar; glnz"
= [b1; qJn[b2; dln---[bs; aln (g5 @)n”
where |g| < 1 and |z| < 1.
An expression of the form
ap az az  ap

b1+ ba+ b3+ by
is said to be a terminating continued fraction and as n — oo, it is said to be an infinite
continued fraction.

Following known results are needed in our analysis.

o, B;q; %
2(1)1[ Biq ]
y

. [ o, Bq; q; 2 ]
¥

Y afzq
B1—a) B P (1_ v )
(1—=7v/Ba)+ 1-

Yo a2 _aﬂztf)
2Bq(1 — ag) B\ ﬂ“(l v ) 2801 - ag®)

—1-

(L~ /5a)+ = =B+ -
[S. N. Singh 3]

Rogers-Fine identity is,
i (a5 @)nz" _ i (a: @)n(aza/b: q)n(b2)" (1 — azg™)g" " (12)

(b5 9)n (b3 O)n (25 Qn+1

[Andrews and Berndt 1; (9.1.1)]

On page 13 of Ramanujan’s Lost Notebook [2] following five identities are given,

- (_)nqn(n—i—l)(q;qQ)n = n n(n+1)/2
~S , 1.3
7;) (—=¢; D2n+1 nz:%( e 43
o . 12)2 n i

(@G D1 =

n=0
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— (:6°)nd" =, \n 3n(nt1)/2
— N () , 1.5
nz:%(—q;q)znﬂ ;( ) -
- (q; _Q)Qn = n 2n(n+1)
=S (4)g 7 1.6
7;) (=4 @)2n+1 7;)( ) (1.6)
— (=D (=% " =, \n_3n(ntD)
= —)"q . 1.7
; (¢ D2nt1 7;)( ) 47

On the right hand side of the identities (1.3) - (1.7). There are false theta functions

e}

Z(i)nqn(n+1)/2

n=0
with q replaced by ¢, ¢%, ¢%, ¢* and ¢% respectively.
Taking 3 = 1 and replacing a by a and v by b in (1.1) and also using (1.2) we get,
i (@ @)n2" _ i (a; @)n(a2q/b; )n(b2)"(1 — azg*")g" "
b = (0; )n (25 @)nt1

b azq
1 z2(1—a) 6(1_(1)(1_7)
T 11— (1—b/g)+ 1—

(

b 9 azq*
2q(l—ag) ¢! 1) (1 - b> 2¢*(1 — ag?)
(1—-b/q)+ 1—- (1=b/g)+

n=0

(1.8)

2. Main Results
Putting z/a for z, taking a — oo and b=0 in (1.8) we get,

[e.o] o0

Z(_)nqn(nfl)/an — Z(l - 2q2n)22nq2n27n

n=0 n=0

_ 1 2 (1-q22¢* (1 -¢*)zq2q" 2.1)
C141—- 1+ 1-— 1+ 1-" ’

Putting z=q in (2.1) we have

e} o)

Z(_)nqn(n+1)/2 _ Z(l o q2n+1)q2n2+n
n=0 n=0
1 g (=g 1= ¢

= (2.2)
1+1— 1+ 1- 1+ 1—




182 S. N. SINGH & SATYA PRAKASH SINGH

Making use of (1.3) we have

0o 0 n n(n-i—l)(

Z(i)nqn(n—i-l)/Q _ Z (_) q q; qz)n
= = (—@9)wmn
_ 1 a(-qad 1-¢)¢ ¢
+1- 1+ 1- 14+ 1-7
From (2.3) and (1.4) it is easy to have,

o0

Z(_)nqn(n—i-l) _ i (q; q2)%qn

1 0= (1-q¢"q"¢"
141 1+ 11— 1+ 1=
Similar results can be established for (1.5), (1.6) and (1.7).

For z=-q in (2.1) we find,

0 2. 9 0

n(n 47549 )0 7 n24n
S 2 — gy = LD )ow _§hg y gaertygnts
n=0

(2.4)

(45 6%) 0

n=0
_ 1 ¢ (1-qqd 1-)¢ ¢
-1+ 1- 1+ 1- 1+
where ¥(q) is Ramanujan’s Theta function defined in [Andrews and Berndt 1; (1.1.7)
p. 11].

, (2.5)

Taking b=q in (1.8) we have

o)

(@002 (2900 o= (a39)n(a2;9)n2"q"™ (1 — azg®™)
2 (G Dn  (310) =2 (4 O)n(2; Qns1

n=0 n=0
_ 1 z(1-a)(1—q)(1 —az)2q(1 —aq) (1 —¢*)(1 - azq) (2.6)
1- 0+ 1- 0+ 1- T '
For a=0, (2.6) yields
2 B 1 B z”q"2
nz:o (@ (@) ,ZO (@3 @)n (25 nt1
_ 1 z2(-ge (=) (2.7)

1-0+ 1- 0+ 1- 0+
Taking z=q in (2.7) we get
> n 1 0 n%+n

Zq _ :Z q

(@ On (6D = (@ Dn(@; Dntr




ON CERTAIN RESULTS INVOLVING CONTINUED... 183

[e.e]
= p(n)q"
n=0
T 1-0+ 1- 0+ - 0+ 7 '
where p(n) stands for the number of partitions of n.
Again, replacing q by ¢? and then taking z=q in (2.7) we have
e n e 2n +n
D
= (¢*q — n (@ ¢*)n+1
o0
= _p(m)d"
n=0
:ii(l—qg)i(l—q4)£ (2.9)
-0+ 1- 0+ 1- 0+~ ‘
where p,(n) stands for the number of partitions of n into odd parts only.
Replacing q by ¢? and then taking z = ¢% in (2.7) we get,
i q2n _ 1 _ i q2n2+2n
(P (@) = (@%50)n(@% 6%
_ 1 @20-¢)¢" 1-¢) ¢ (2.10)
1-0+ 1- 0+ 11— 0+ 7 '
1 : . . . :
where W is the generating function of the partitions into even parts.
9 oo
Putting z/a for z and then taking a — oo in (2.6) we find,
3,2 1 n
i (=) Ve (2 Qo = i (—)"g2™ 2"(2;.q)nz"(1 — 2¢°")
= (2:Q)00 =
e SR UL = (¢ D)n
12 (g -2 (=)~ =) o)
14 0+ 1+ 0+ 14 '
Putting z=-q in (2.11) we have
o0 qn(n+1)/22n o0 q%nQ—&-%(_q ) (1 + q2n+1)
—— = (¢ =
= (G Dn vt (¢ @)n
1 1— 2 3 1— 4 5 1— 6
=—1--979°°94 "9 | (2.12)

1-0+ 1- 0+ 1- 0+ 1-—
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where (—¢; ¢) is the generating function of the partitions into distinct parts.

For z=q, (2.11) yields

nz:% (Gn ()
1L g(1-9?¢ (1-¢)¢ (2.13)

T 140+ 1+ 0+ 1+ 0+
Putting b=aq in (1.8) we get

— 2" 1 z(1—a)a(l—q)(1-2)zq(l—aq)
<1_a>nz:01—aq T 1-(1-a)+ 1— (1—a)+
a(l —¢*)(1 — zq) 2¢*(1 — aq®)
- T (2.14)

Replacing q by ¢°,a = z = ¢’ in (2.14) we have

(1- qj)i 1 7" 10 -¢)d1-¢")A-¢) (1 —g"M)

1t 1= (1-g¢h)+ 1— (1-¢)+

¢ (1—¢'%)(1 = %) ¢ (1 = %)
1— (1—¢9)+
Comparing (2.15) with [Andrews and Berndt 1; lemma (4.4.1) p. 117] we get,

Z 5n2+2nj 1+ q5n+]
1— q5n+]

_ 1 @0 -¢) @0 -¢")(1—¢) ¢ (1 - ¢
T - (1 —gi)+ 1— (1—¢)+

7 _ 10 27 10+5 _ 1047
d(1—q7)(1—q7)qg (1 q ) o (2.16)
1= (1—¢7)+

(2.15)

Replacing q by ¢° and then putting a = ¢/ and z = ¢’ in (2.14) we get

N~ 4 1 ¢(1-¢)d(1-¢)1—q)
=) —@mm = 10—t -

n=0
q5+z’(1 _ q5+j) qi(l _ qlo)(l _ q5+i) q10+i(1 _ q10+j)
(1—¢i)+ 1- (1—¢i)+

Similar other results can also be established.

(2.17)
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