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Abstract

Let G be a graph with ¢ edges and let k and d be positive integers. A label-
ing f of G is said to be (k,d)-arithmetic if the vertex labels are distinct non-
negative integers and the edge labels induced by f(x) + f(y) for each xy are
k,k+d, k+2d,--- ,k+(qg—1)d. A graph is called arithmetic if it is (k, d)-arithmetic
for some k and d. In this paper we prove that H,-graph, generalized H,, graph,
H, ® S, Py, (P,) are arithmetic graphs.

1. Introduction

For all terminology and notations in Graph Theory we follow Harary [2]. Unless men-
tioned or otherwise a graph in this paper shall mean a simple finite graph without
isolated vertices.

Let G be (p,q) graph. Let V(G), E(G) denote respectively the vertex set and edge set
of G. Consider an injective function g : V(G) — X, where X ={0,1,2,--- ,q} if G is a
tree and X = {0,1,2,---,q— 1} otherwise. Define the function ¢* : E(G) — N, the set
of all natural numbers such that ¢*(uv) = g(u) + g(v) for all edge (u,v). If ¢g*(E(G)) is
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a sequence of distinct consecutive integers, say {k,k + 1,--- ,k + g — 1} for some £k,
then the function g is said to be sequential labeling and the graph which admits such a
labeling is called sequential graph [5].

In 1989 Acharya and Hegde [1] introduced a new version of sequential graph known as
arithmetic graph and is defined as follows: Let GG be a graph with g edges and let k£ and d
be positive integers. A labeling f of G is said to be (k, d)-arithmetic if the vertex labels
are distinct nonnegative integers and the edge labels induced by f(z)+ f(y) for each xy
are k,k+d,k+2d,--- ,k+(q¢—1)d. A graph is called arithmetic if it is (k, d)-arithmetic
for some k and d.

Definition 1.2 : Let H,-graph of a path P, is the graph obtained from two copies of
P,, with vertices vy, vs, -+ ,v, and uy,us, - ,u, by joining the vertices vn+1 and Un+1
by means of an edge if n is odd and the vertices (R and un if n is even. : 2
Theorem 1.3 : H,-graph admits a (2t + 1,2), t > 0 arithmetic labeling.

Proof : H,-graph is obtained from two paths ujusus-- - u, and vivevs - - - v, of equal
length by joining an edge Unt1VUni1 when n is odd or up vn when n is even.

Note that H, has 2n vertices and 2n — 1 edges.

Let ¢t be an integer such that ¢t > 0.

Define a function f : V(H,) — N (set of non-negative integers) as follows
flui)) =i+t—1, 1<i<n
flui)=n+i+t—-1, 1<i<n.

Then the edges get labels

<un+1v ) = 2t+2n—1 when n is odd.

(u"L_;’_lU%) = 2t+2n—1 when n is even.

flujuip1) = 2(t+4i) -1, 1<i<n-—1
foivig1) = 2n+2(t+i)—1, 1<i<n-1

Thus the value of the edge Unt1 Unt (when n is odd) or uzqvz (when n is even) is
2t + 2n — 1.

The set of labels of the edges u;uit1,1 <i <n—1={2t+1,2t+3,2t+5,--- ,2t+2n—3}.
The set of labels of the edges v;vi+1,1 <i<n—1={2t+2n+1,2t+2n+3,2t+2n+
5, ,2t+4n — 3}.
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Also edge values are distinct and the values of the edge set of H,, are
{20+ 1,2t 4+3,--- ,,2t+2n— 1,2t +2n+ 1,2t +2n + 3,--- , 2t +4n —3}. (1)

Take k =2t + 1,d = 2. Now

E+(qg—1d=2t+1+2n—1-1)2=2t+1+(2n—2)2 =2t+1+4n—4 =2t+4n—3.

Therefore (1) is of the form {k,k+d,k+2d,.,k+ (¢—1)d} where k =2t+1 and d = 2.
Thus f is an arithmetic labeling. Hence H,, is a (2t + 1, 2)-arithmetic graph.
IMlustration 1.4 : (27, 2) Where t = 13. Arithmetic labeling of Hg and H7 are shown

below.

1380 Virlw 13 20
27 19 27 41
14 21
14 8L Vg 20
29 43
20 41
13 22
Wi
158l 21 ki 45
3l 43 1 23
37 39
47
16 #1 Vig 22 33
17 24
33 45
35 49
17 sus Vg 23
18 25
5 47 7 51
18 s ls Vo 24 1% )

Construction 1.5 : Let P, be a path on n vertices. Take k copies of P,. Let the
vertices of k copies of P, be v;;,1 < i < k,1 < j < n. Join the vertices V;,n 41 and
UHL%,l <i<k—-1if niseven or Ui,% and Ui+1,”7“’1 <i<k—1ifnisodd. The
resultant graph said to be generalized H,, graph and is denoted by kH,,.

Theorem 1.6 : The graph kH,, is a (2t + 1,2),t > 0 arithmetic graph.

Proof : Let the vertices of k copies of P, be v;;,1 <i <k and 1 < j < n. The edge
set of kHy is E(kHp) = {vijvij+1/l1 <i<kand 1 <j<n—1}U{v;2 0412, (1 <
i <k—1ifniseven) or vi,’%’wiﬂy%’l(l <i<k-1ifnisodd)}.

Note that kH, has kn vertices and kn — 1 edges.

Define a function f : V(kH,) — N as follows.

flwi)=@G-n+j+t—1 t>0, 1<i<k, 1<j<n.
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The vertex labels are distinct. Then the edges get labels

f (UL%JFIUZ‘J’,:L,%) = 2t+2in—1 1<i<k-—1 if niseven
f(vpnsvpen) = 242m-1 1<i<k—1 ifnisodd
f(viiji7j+1) = 2n(i71)+2j+2t71 1<i<k and 1 <j<n-1

Thus the labels of the edges Ui 2 4 10i41,2 (1<i<k-—1ifniseven) or

Uj, n1V; 4 1 (1<i<k-—1ifnisodd) os
2t+2n—1,2t+4n— 1,2t +6n —1,--- , 2t +2(k — 1)n — 1.
The values of edges in the k copies of P, are given below.

20+ 1,2t + 3,2t 4+5,--- ,2t+2n -3
2t4+2n+ 1,2t +2n+ 3,2t +2n+5,--- , 2t + 4n — 3.
2t+4n+ 1,2t +4n+ 3,2t +4n+5,--- ,2t +6n — 3

2%+ 20k —2n+ 1,2t +2(k —2)n+ 3,2t +2(k —2)n+5,--- 2t +2(k — )n — 3
204+ 2(k—1)n+1,2t+2(k—1)n+3,2t+2(k—1)n+5,---,2t + 2kn — 3.

Hence the values of the edge set of kH,, is 2t + 1,2t + 3,2t + 5,2t + 7,--- , 2t + 2n —
L,2t+2n+1,--- 2t +4n+1,--- ,2t + 2kn — 3. (1)
Take k =2t +1 and d = 2.

Nowk+ (¢—1)d=2t+14+ (kn—1—-1)2=2t + 1+ 2kn —4 =2t + 2kn — 3.
Therefore (1) is of the form k,k+d, k+2d,--- ,k+ (q—1)d where k = 2t+1 and d = 2.
Thus f is an arithmetic labeling. Hence kH,, is a (2t + 1, 2)-arithmetic graph.
IMlustration 1.7 : (15,2) Arithmetic labeling of 7Hg is given below.
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TeVi: 13 eVa: 19 gvis 25 ¢V 31 gV 37 ¢ Vi Ay
15 27 19 51 63 75 &7
B¢Vie  l4gve. 20 gvi: 26 ¢Va: 324V 3B EVe: 44 v
L7 29 41 53 65 L 89
458V13
al
83
46 g+,
21 13 45 57 59 81 93
N7e 17 gven 23 gy 29 gvas I5gVss 41 gves ATgv1s
3 35 47 59 7 83 95
126Vie 18 gy, 24 #Vis 304V 364 V:s 42 Vs 484Vs
(3,2) Arithmetic labeling of 7Hj is given below.
1 64 11 169 21 26 31 e
3 13 23 33 43 53 63
2 T 12 17 ¢ 22 27 32
5 15 25 35 45 55 165
3 8 13 18 23 28 33
11 21 31 41 5l 61
7 17 27 37 47 57 67
4 O 14 19¢ 24 29 344
9 19 29 39 49 59 69
5 10s 15 208 25 30 35e
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Definition 1.8 : The graph H,, ® S,, is obtained from H,, by identifying the centre

vertex of the star S,, at each vertex of H,,.

Theorem 1.9 : The graph H, ® S, is an arithmetic graph.
Proof : Let G = H,, ® Sy,.

The vertex set of G is

V(G) ={ui/1 <i<n,v/1 <i<n}U{uj,v5/1 <i<n,1<j<m}
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The edge set of G is V(G) = {uui+1, vivig1 /1 < i <n— 1} U{uz vz (if nis even) or
Unt1 Ungt (if n is odd)} U{wjusj, vivi;/1 <i<mn,1 <j<m}.

Note that G has 2n(m + 1) vertices and 2n(m + 1) — 1 edges.

Let ¢t be an integer such that ¢t > 0.

Define f : V(G) — N as follows

flu)) = i+t—1, 1<i:<n

flo)) = n+i+t—1, 1<i<n

flunn) = @Cm+3)n+t+4

Fun) = @m+3)n+(i—1)+t+4, 2<i<n

fluij) = flun)+ (@G —-1)2n+t—-1, 1<i<n2<j<m
flo1) = 4dn+t+2

floa) = flvim1n) +t—4, 2<i<n

fvij) = flop)+@G-1)2n+t—-1, 1<i<n2<j<m.

The vertex labels are distinct. Then the edges get labels

flujuipr) = 2i4+2t—1,1<i<n-1
foi,viv1) = 2n+2(i+t)—1, 1<i<n-1
flogv11) = dn+2t+2
fvivir) = 2t+n+i+ f(vis11)—3, 2<i<n.
flowyg) = 20+n(2j—1)+ fon) -2, 1<i<n, 2<j<m.
fluruir) = 2t+(2m+3)n+4
fluui)) = 2t+2(0—1)+2m+3)n+4, 2<i<n
fluiuyg) = 2t+i+2n(j — 1)+ f(uin) =2, 1<i<n,2<j<m

Then the values of the edges w;u;11,1 <i<n—1are2t+1,2t+3,--- ,2t+2n—5,2t+
2n — 3.

The values of the edges v;v;41,1 < i < n—1are 2t + 2n + 1,2t + 2n + 3,2t + 2n +
5,---,2t+4n — 5,2t + 4n — 3.
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The value of the edge uz vz (if n is even) or Ung1 Ungr (if n is odd) is 2t + 2n — 1.
The values of the edges v;v;;,1 <i<mn,1 <j<mare2t+4n—1,2t+4n+ 1,2t +4n+
3,2t +4n+5,--- 2t + (2m + 3)n + 2.

The values of the edges uu;;,1 <i <mn,1 <j<mare2t+ (2m+3)n+4,2t + (2m +
3In+6,2t+ (2m+3)n+38,--- ,2t+4nm + 4n — 3.

Therefore the set of values of the edge set of G is {2t+1,2t+3,2t+5,2t+7,- -+ ,2t+2n—
1,2t+2n+1,2t+2n+3,--- ,2t+4n+1,--- ,2t+(2m+3)n+4,--- ,2t+4nm+4n — 3}
M

Take k=2t +1,d = 2.

Now k+(¢—1)d =2t +1+[2n(m+1) —2]2 = 2t +1+4nm+4n—4 = 2t +4nm+4n — 3.
Hence (1) is of the form {k,k +d,k+2d,--- ,k+ (¢ — 1)d} where k =2t + 1, d = 2.
Thus f is an arithmetic labeling. Therefore H, ® S,, is a (2t + 1,2),t > 0 arithmetic
graph.

INlustration 1.10 : (23,1) Arithmetic labeling of Hy ® Ss.

(23,1) Arithmetic labeling of H5 ® S3
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Construction 1.11 : Let P,, and P, be two paths. Let u;,1 <14 < m be the vertices of

P,,. Take m copies of P,. Let the vertices of m copies of P, be v;j, 1 <i <m,1 < j <n.

Adjoining the end vertex v;; of P, to each w; for i = 1,2,---,m. The resultant graph

is denoted by P,,,(P,). Number of vertices of P,,(P,) is mn and the number of edges is

mn — 1.

Theorem 1.12 : The graph P, (P,) is a (2t + 1,2),t > 0 arithmetic graph.

Proof : Let uy,us,---

, Uy be the vertices of P, and vertices of m copies of P, are

vij,1 <1< m,1 < j < n, where v;1, (1 <i < m) are identified with the corresponding

u; (1 <i<m).

Note that P,,(F,) has mn vertices and mn — 1 edges.

Let ¢t be an integer such that ¢t > 0.
Define f : V(Pp(P,)) — N as follows.

f(vij)
f(vij)

(i—)n+j+t—1,

nt—j+t,

1<i<m andeven 3,1 <j53<n

1<i<m and odd 4,1 <j <n.
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The vertex labels are distinct. Then the edges get labels

f(’UZ'lUi+11) = 2t+2n7—1, 1<i<m—-1.
f(vijvij41) = 2t+2ni—2j5—1, 1<i<m andodd i,1<j<n-—1
fuijvij41) = 2t+2n(i—1)+2j—1, 1<i<m andeven i,1<j<n-—1

Thus the edge labels of the path P, are 2t+2n—1,2t+2(2n)—1,--- ,2t+(m—1)2n—1.

Labels of the edges in the m copies of P, are given below

% + 1,2t +3,2t+ 5, ,2t +2n — 3.
20+ 2n+ 1,2t +2n+ 3,2t +2n+5,--- ,2t +2(2n) — 3.
2t+2(2n) + 1,2t +2(2n) +3,--- ,2t + 3(2n) — 3.

20+ (m—2)2n+1,2t+(m—2)2n+3,--- ,2t+ (m—1)2n—3
26+ (m—1)2n+ 1,2t + (m —1)2n+3,--- ,2t +m2n — 3

Hence the values in the edge set of

Po(Py) = {2641, 2643, 2645, -+, 20420—3, 2t+2n—1, -+, 264+2(2n)—3, - -+ , 2t-+2mn—3}
M)

Here k=2t 4+ 1 and d = 2.

Now k+(q—1)d=2t+1+(mn—-1-1)2=2t+ 1+ 2mn —4 = 2t + 2mn — 3.

Hence (1) is of the form {k,k+d,--- ,k+ (¢ — 1)d} where k =2t + 1 and d = 2.

Therefore f is an arithmetic labeling. Hence P,,(P,) is a (2t + 1,2) t > 0 arithmetic

graph.

Ilustration 1.13 : (3,2)-Arithmetic labeling of Py(Ps).



196

J. DEVARAJ & LINTA K. WILSON

= T, Mo 21 Vi 31 vy 4l - Bl Veq
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7
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