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Abstract

In this paper, we define the notion of an Intuitionistic fuzzy filter on S—algebras

and investigate some of their properties and results.
1. Introduction
In 2002, J. Neggers and H. S. Kim [3], introduced a new notion of algebra: namely 5—
algebra.The theory of fuzzy sets proposed by L. A. Zadeh [7] in 1965 is generalized in
1986 by K. T. Atanassov [1] an Intuitionistic fuzzy sets. The study of fuzzy algebraic
structures was initiated with the concept of the fuzzy subgroup by A. Rosenfeld [5].
Then many researchers have been engaged in extending the concepts and results of
abstract algebra. The notion of filters was introduced by Henri Cartan in 1937. In
1991, C. S. Hoo [2] introduced the concept of the filters in BCI-algebras. Also in 2013,
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A. Rezaei and A. Bourmand [4] introduced the notion of generalized fuzzy filters of
BE-algebras. In our earlier papers [6], we introduced the notions of f—filter, Fuzzy
S—filter in B— algebras. In this paper, we discuss the concept of Intuitionistic fuzzy

filters in S—algebras and prove some of their properties and theorems.

2. Preliminares
In this section we recall some basic definitions that are required in the sequel.
Definition 2.1 : A f—algebra is a non-empty set X with a constant 0 and two binary

operations + — satisfying the following axioms:
l.z—-0=2x
2. 0—2)+x=0
. (x—y)—z=z—(2+y)Vao,yz € X.

Definition 2.2 : A filter of X, is a nonempty subset S such that z € S and y € S
= z/AyeS, wherex Ay=xx(r*y)and 0 ¢ S.
Definition 2.3 : Let X and Y be two f—algebras. A mapping f : X — Y is said to

be a f—homomorphism, if

fx+y) = fz) + f(y)andf(x —y) = f(x) = f(y) forall z,y e X.

Definition 2.4 : Let X be a —algebra and A a f—subalgebra. A is said to be a
B—filter on X, ifforall z,y e A,z Ay=a+ (z+ylandz vy =2 — (z —y) € A.
Definition 2.5 : Let X be a f—algebra and A a fuzzy G—subalgebra. A is said to be
a fuzzy f—filter on X, if it satisfies for all x,y € A

1. pa(z Ay) > min{pa(x),na(z+y)} and
pa(e 7 y) = min{pa(x), palz —y)}

2. pay) 2 pa(z) if z <y.

3. Intuitionistic Fuzzy (—Filter
In this section, we introduce the notion of Intuitionistic fuzzy G—filter on a G—algebra.

We begin with the definition.



INTUITIONISTIC FUZZY FILTERS ON —ALGEBRAS 119

Definition 3.1 : Let X be a f—algebra and let A be an Intuitionistic fuzzy f—subalgebra.
A is said to be an Intuitionistic fuzzy G—filter on X, if it satisfies for all z,y € A,

L pa(z Ay) = min{pa(z), pa(z +y)} and
va(z Ay) < maz{va(z),valz +y)}

2. pa(z v y) = min{pa(z), pa(z —y)} and
va(z 7 y) < maz{va(z),va(z —y)}

3. pa(y) = pa(x) and va(y) < va(z), if z <y.

Example 3.1 : Let X = {0,1,2,3} be a f—algebra with constant 0 and two binary
operations + and - defined on X with the Cayley’s table

+10|1]2(3 —10]1(2]3
0/0/0]0]0 0(0/0]0]0
111/0(3]1 1111111
21210123 21212122
313111313 313131313

Now, A = {2,3} is f—{fliter and A is an Intuitionistic fuzzy B—subalgbera, defined by :

04, ifz=2 (03, ifz=2
“A(x)_{ 05 ifs=3 ”Am_{ 0.2, if =3

One can observe that A is an Intuitionistic fuzzy S—filter on X.
Example 3.2 : Let X = {0,1,2,3} be a f—algebra with constant 0 and two binary
operations + and - defined on X with the Cayley’s table

+1011(2|3 —101112]3
0(0/0]0]0 0(0/0]0]0
1111113 111111
21011123 21212122
31311123 313131313

Now, A = {1,2,3} is f—{fliter and A is an Intuitionistic fuzzy G—subalgbera, defined
by:

0.7, if x=1,2 0.3, if x=1,2
,UA(:;:):{ 0.8 jierU:?) and VA([L‘):{ 0.9 {f$=3

Then we can observe that A is not an Intuitionistic fuzzy G—filter on X.
Lemma 3.1 : If A and Bbe an Intuitionistic fuzzy G—filters of X, then AN B is also
an Intuitionistic fuzzy F—filter of X.
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Proof:
tanp) (@ Ay) = min{pa(z Ay), pplz Ay)}
> min{min{pa(x),pas(z+y)},min{ps(x),np(x+y)}}
> min{min{pa(z), up(x)}, min{pa(r +y), up(r +y)}}

= min{puans(z), panp(x +y)}

Similarly, pu(anp)(x 7 y) > min {panp) (x), pans) (@ —y)}

Also, we can prove that,

Viang) (T A Y) > max {vanp (), vans(r + )}

and vianp) (@ 7 y) < maz {vanp) (2), vans)(z —y) }

Hence AN B is also a fuzzy f—filter of X.

Lemma 3.2 : Every Intuitionistic fuzzy G—filter is also an Intuitionistic fuzzy3—subalgebra.

The proof directly follows from our definition of Intuitionistic fuzzy g— filter.

The following example shows that the converse part of the above lemma need not be

true, in general

Example 3.3 : Let X = {0,1,2,3} be a f—algebra with constant 0 and two binary
operations + and - defined on X with the Cayley’s table

+10|1]2(3 —10]1(2]3
0(0/0]0]0 0/0/0]0]0
111111 111111
21111120 21212122
313|311 313131313

Now, A = {1,3} is f— filter and A is an Intuitionistic fuzzy f—subalgbera, defined by
04, if v =1 0.3, if v =1

pa(z) = { 0.3, ifz=3 and vy(x) = { 02, if z=3 One can observe that A is
not an intuitionistic fuzzy S—filter on X, - pa(2) > pa(1),if 1 >2 = 0.3 404
Theorem 3.1 : If A is an Intuitionitic fuzzy filter of X, then pa(z A y) > pa(z) and
va(x 7 y) <wva(x), where x < y.

Proof : Assume that A is an Intuitionistic fuzzy filter of X.
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Let z,y € X. Then we get,

pa(r Ay) pa(r + (x +y))

v

min{pa(z), palc +y)}
= min{pa(x),min{pa(x),na(y)}} wusing the lemma 3.1
= min{pa(z),pa(x)} Since x <y = pa(y) = pa()

= pa(z)

Similarly,we can prove that, v4(z 7 y) < va(x).

Definition 3.2 : Let A be an Intuitionistic fuzzy (— filter in a F—subalgebra X.

Fors,t € [0,1], the set

pa,, =1z € X | pa(z) > s and vy (x) <t} is called a level of filter A in X.

Theorem 3.2 : An intuitionistic fuzzy subset A of f—algebra X is an intuitionistic

fuzzy f—filter iff for any s, ¢ € [0, 1] the s,t-level subset As; = {z € X | pa(z) > s and va(x) <t}
is either a B—filter or A, # ¢.

Proof : Assume that the level subset of A in X, As; # ¢.

Then z,y € Asy, pa(z) > s and pa(y) > s.

Now,

pa(r + (x +y))
min{pa(z), pa(z +y)}

pa(z Ay)

v

v

min {pa(x), min{pa(z), pa(y)}}

S

Similarly, we can prove that, pa(x 7 y) > s

Analogously, one can prove that,va(x 7 y) € Asy and va(x Ay) € Asy.
Sox Aye Aspand vy € Agy. Hence Ay, is a f— filter of X.
Conversely, assume that A ; is a B— filter of X.

— Forallz,ye X,z Ayandx /7y € Ay

= pa(zAy) > sand pa(z v y) = s.

Take s = min{pua(z), pa(x + y) Hor any z,y € X.

pa( Ay) = pale+ (x+y) = s =min{pa(@), palz +y)}

Similarly, we can prove that, pa(x 7 y) > min{pa(z), palzx —y)}
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Analogously, one can prove that, va(z 7 y) < max {va(x),va(x —y)}

and va(z Ay) < mazx{va(x),va(x +y)}. Thus proving that A is an intuitionistic fuzzy
b— filter.

Theorem 3.3 : Let f be an onto §— algebra homomorphism from X to Y. If B is an
intuitionistic fuzzy B—filter of Y, then f~!(B) is also an intuitionistic fuzzy 3—filter on
X.

Proof : Let B be an intutionistic fuzzy g—filter of Y.

For z,y € X, then

s Ay) = s+ (x+y)))
= pa(f(@+(z+y)))
= up(f(z)+ flz+vy))
= min{pp(f(2), n(f(z+y))}
= min{f Nus(®)), [ (uslz+y))}

Also we can prove that,

F sz 7 y) =min {f~H(pp(2)), [~ (us(z —y))} -

Similarly, we can prove that,

f (e Ay)) <maz {f~H(vp(2), [ (ve(z +y))}

and [~ (vp(z v y)) < mazx {f~'(va(x)), [ (ve(z —y))} .

Let z,y € X be such that z > y.

Since B is an intuitionistic fuzzy S— filter, we have ug(f(y)) > us(f(z)) = f~H(up(z))
such that f~'(up(y)) = f~ (up(2)) and ve(f(y)) < vp(f(2)) = f~(vp(2)) such that
fYvs(y)) < f~'(vp(z)). Thus we can conclude that f~!(B) is an intuitionistic fuzzy
G—filter on X.
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