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Abstract

By means of certain differential operator we introduce and investigate two sub-
classes £*(p, A, ¢,0,a) and Y £%(p, A, 9,9, ) of p-valently analytic functions. The
various results obtained here for each of these classes. We have attempted to obtain
radius of starlikeness, convexity and closure theorem for the classes £*(p, A, ¢, d, @)
and Y £%(p, A, $,0, a).

1. Introduction

This paper is devoted to study of multivalent functions and its various properties.
By means of certain differential operator we introduce and investigate two subclasses
£*(p, N, ¢,0,a) and Y £%(p, A, 9,9, ) of p-valently analytic functions. The various re-
sults obtained here for each of these classes.

Let A(p) denote the class of functions f(z) of the form
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fe)=2"+ Y apd (1.1)

which are analytic and multivalent in the unit disk £ = {2z : z € C and |z| < 1} for
peN.
Definition 1.1 : A function f(z) € A(p) is said to be in the subclass S(§) of starlike

function if

Re (ZJ{;S)) S¢ zeE, 0<&<l1.

Definition 1.2 : A function f(z) € A(p) is said to be in the subclass C(&) of convex

function if

2f'(2)
f(2)
Definition 1.3 : A function f(z) € A(p) is said to be in the subclass K (&) of close to

Re<1+ >>§, zelE, 0<¢E<1.

convex function if

Re(f/(z))>£, 2EE, 0<&<1.

2p—1
Definition 1.4 : A function f(z) € A(p) is said to be in the subclass £(p, A, ¢, 9, «) if
and only if

02(DE (Q(r,p) f(2)) + A2(DE (R (r,p) f(2)))
(1= N(DU(r,p) () + (DL (Q(r,p) f(2))

z€FE, ¢qeNU{0}, 0<a<l, ¢o€R, o<1, p>q, v,0<1.

~(F-9)| <a

Further more a function f(z) € A(p) is said to be in the subclass Y £(p, A, ¢, J, «) if and
only if zf'(2) € £(p, \, 9,9, ).
Let T'(p) denote the subclass of A(p) consisting of functions of the form

We dente by £*(p, A, ¢, 0, ) and Y .£*(p, A, ¢, 6, ) the classes obtained by taking inter-
section respectively of the classes £(p, A, 9,4, ) and Y £(p, A, ¢, 9, o) with T'(p).
We define the operator Q,(a,p) on f(z) as follows

oo ==- 3 (E51) et

k=p+1 p - v
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The operator Q,(r,p) is closely related to the Salagean derivative operator D%f(z) is

the ¢'" order differential operator for f(z) € A(p) defined in (1.1)

> k! <k:+7

DIOrPFE) = e Y ) st pea

—a)! —g)!
(»—a) Wi E—al \p+y
o0
Theorem 1.1 : A function f(z) =27 — . axz¥, ar > 0isin £%(p, ), 9,9, a) if and
k=p+1

only if

> i () Dk e—g- 1) 6l 0) - 6-0) (10 +all- Akl
k=p+1

p!
(p—q)!

Corollary 1.1 : If the function f(z) = 22 — 3. apz¥,ax > 01is in £5(p, A, 9,6, )

k=p+1
T
ap < Pty
k+~

Plk—la(l=A+p—q) - Ap—q@)p—qg—1) —d(p—q) + (6 —¢)(1 = V)]
Rlp— !k -q)(k—g—1)+¢(k—q) = (6 =) (1 =N +a(l=X+k—q)]

Fork=14+p,24+p---.

<

[l =A+p—q)=Ap—q)(p—q—1)—d(p—q) + (0 — ¢)(1 = N)].

then

With the equality for function

Pk =9 ol =A+p=¢) = Ap—@)p—a—1) —d(p =)+ (I =)L = V)]
- Me—q)(k—q—1)+¢k—q) = (6 =) (1 =N +a(l-A+k—q)]
Fork=1+p,2+p---.
Theorem 1.2 : A function f(2) = 22 — > apz¥, ap > 0is in Y £%(p, ), 9,0, q) if

and only if S

2 (k+1)! (E+y\" o o o o

k%;l (i —q)! <p+,y> Ak—q)(k—g—=1)+d(k—q) = (6 =) (1=N) +a(l-A+k—q)ax
§p+1:[04(1—)\‘HO—C])—)\(p—Q)(p—q—1)—¢(p—Q)+(5—¢)(1—)\)].

p—q:
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o0
Corollary 1.2 : If the function f(z) = 22 — Y. agz¥,a; > 0is in Y £5(p, A, 9,6, )
k=p+1
then

p+7\"
S(m)
(p+DIE—al—=XA+p—q) = AXp—q)p—q—1)—d(p—q) + (6 — §)(1 — N)]
MNek—q)k—qg—1D)+0k—q) -0 -1 -N+a(l—A+k—q) '

Fork=1+p2+p---.

With the equality for function

_ (7Y
fe=2 <k+7>

P+ DIk —lal - A+p—g) —Ap—q)lp—¢—-1) —dp—q) + (6 )1~ V)] 4
k+Dp—!Nk—q)(k—qg—1)+d(k—q)—(0—) 1= +a(l-X+k—q)]

Fork=1+4+p,24+p---

2. Radii of Close-to-Convexity, Starlikeness and Convexity

oo
Theorem 2.1 : Let f(2) =22 — > apz®, ap > 0isin £*(p, \, ¢, 6, ) then f is close
k=p+1
to convex of order ¢ in |z| < Ry, where

Ry = Z;pr
R

Ak —aq)(k—q—1)+ ¢(k — )—(5—¢)(1—A)+a(1—x+k_q)}}k+ip
@l =A+p-q) = Ap-q)lp—g-1) = ¢p—q) + (0 - ¢)(1 - )] '

p‘ <p-—¢for |z] < R;. We have

o0
Z k|ag||z|F P

k=p+1

’ 9)
THONIN I T S

2P~
k=p+1

Thus

£ —p’ <p-¢&if

o0

>

k=p+1

|ag| |27 < 1. (2.1)

k
(p—2¢)
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Theorem 1.1 conforms that

> G (52) P e-g-1)0k-0)-@-0)(1 -V +al1-A+k-lag
k=p+1

(ppiq)[ (L=-A+p—q) = Ap-q)p—q—1)—d(p—q)+ (0 —¢)(1L = \)].
Therefore

K (kv (p—=9)!
5 %H (k=q)! (pﬂ) p!

Nh—q)(k—g—1) 4 9 (k—q)— (5—9)(1-\) +a(1-Ak—q)]
=M= -0 (r—a—T)—s—a) T (=)A= | %] <1

Hence (2.1) will be true if

k kepr1 _ (k+7\ (=)
(p—f)yz‘ +§(p+v> p!
AE-—q@)(k—g-—1+dk—q) —(0—8)A-N)+al-A+k—q)]
[a(l=X+p—q)=Ap—-)(p—qg—1)—odlp—q)+ (0 — )1 = N)]

‘We obtain
E+y\ (0= (kE=D!'(p—Ep—q)!
|z‘§{<p+'y> pt (k—q!) p!
[A(k—q)(k—q—1>+¢<k—q>—(6—¢><1—A>+a<1—A+k—q>]k+i—p}

[@l=A+p—q) = Ap—q)(p—q—1) =P —q) + (6 —¢)(1 = N)]

as required.
o0

Theorem 2.2 : Let f(z) = 22 — . apz¥, ap > 0is in £%(p, \, 4,6, ) then f is
k=p+1
starlike of order £ in |z| < Ry, where

_ inf
= k>14p

{<k+7> kL (p—=&)(p—q)!

P+ -q)  (k=9p!

Ak —q)(k—q—1)+d(k—q) — (5 — &) (1 — \) +a(l — A+ k — )] 715
[a(l-A+p—q)=Ap—q)p—q—1)—d(p—q) + (6 — 9)(1 = N)] '

Proof : We must show that
zf'(2)
f(z)

p'§p€
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2f'(2) —pf(z) = Z kapz" — pzP + p Z az*
k=p+1 k=p+1
= — Z (k — p)agz".
k=p1
We have
) - Y (k—papz” > (k—p)lag||zFP
zf(z) | k=ptl < k=ptl <
7 - - o = ) >p— §
2P — 3 agzk 1— > |ag|lz|FP
k=p+1 k=p+1

Hence (2.1) holds true if

S (k=plarllz"P<(p-OA = > lak| [2[F7P).
k=p+1 k=p+1

Or equivalently

o0

(k—¢) o
)3 agll2 7 < 1.
k=p+1( -9

Theorem 1.1 conforms that

=k (k) (-9
k:zp;rl (k—q)! (pﬂ) P!

A(k—q)(k—q—1)+¢(k—q)—(3—¢) 1=\ +a(1-A+k—q)] ] < 1
(T A=) Ap—0) (p—4—1)—d(p—q)+(0—p) (1—N)] | Pk

Hence by using (2.4) and (2.5) will be true if

(k=& k-p k! E+v\" (p—9a)
=G )(pﬂ) )

Or if

k! E+v\" (=8 —q)
ol < {(k—Q)! (p+7) (k= &)p!

Mk—q)(k—g—1)+d(k—q) — (6 =)A=\ +a(l —A+k—q)]Fs

(»
AEk—q)(k—qg—1)+¢k—q) = (6 =)A= +a(l =X+ k—q)]
[a(l=X+p—q) = Ap—q)(p—q—1)—dlp—q) + (0 — )1 —N)]

[@l=A+p—q)=AXp—-q)lp—q—1)—o(p—q)+ (6 — )(1 = N)]

as required.

(2.3)

(2.5)
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o0
Theorem 2.3 : Let f(2) = 2P — . ap2¥, ap > 0isin I'*(p, \, ¢, 0, ) then f is convex
k=p+1
of order ¢ in |z| < R3, where

_ inf
= k>1+p

{{<k+7> ~Dp-)r—-&kr -9

p+v/) (k—q¢) (k=&(p—1)

AE—q)(k—q—1)+ ¢k —q) — (5—¢)(1—A)+a(1—k+k—Q)]}klp
a(l=A+p—q)=Ap—q)p—q—1) —d(p—q) + (6 — ¢)(1 = N)] '

Proof : We know that f is convex if and only if zf’ is starlike. We must show that

/
29 (2
=) _ p‘ <p—¢
9(2)
where g(2) = zf/(z2)
o0
9(z) = pa¥ — Z ka2
k=p+1
(o]
2g'(z) = p?2P — Z k2ay 2"
k=p+1
oo oo
2¢'(z) —pg(z) = p*2P — Z Klapz® — p?2P +p Z kayz"
k=p+1 k=p+1
oo
= =) k(k—p)ap*
k=p1

S k(k—pas®| S k(k— plagllF

/
zg iz) p‘ | k= _ < k=t _ <p—t
g pzP — 3 kapzh p— > klagl|[z[F-P
k=p+1 k=p+1
Therefore we have
S k(- plagl 2P < - p— S Klag] 2]
k=p+1 k=p+1
S k(k — f) k—p
—|agl|z <1. 2.6
> - 5)! ||2| (2.6)

k=p+1
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Theorem 1.1 conforms that

> E! v\ (p—q)
W, T (32) %
- (2.7)
A(k—q) (k—g—1)+p(k—q)—(6—¢) 1 —A)+a(1-A+k— q
[a(1-A+p—q)—A(p—q)(p—q—1)—d(p—q)+(6—0)(1

]ak] < 1

Hence by using (2.6) and (2.7) will be true if

(k — £)||kp k! <k+7>T(p—q)!
(p—¢) (k=q)! \p+~ p!

AEk—q)(k—qg—1D)+dk—q) = (6 =)A= +a(l =X+ k—q)]
[a(1=A+p—q)=Ap—q)p—q—1)—d(p—q) + (6 —P)(1 = N)]

kE+~\ (k=1D)!'(p—&p—q)!
|Z|§{<p+v) =0l (F—)(p 1)
Ak —q)(k—q—1)+d(k—q) — (= $)(1 =N +a(l — A+ k —q)]F7
a(l=A+p—q)—AXp—q@)p—q—1)—d(p—q)+ (6 —¢)(1 = N)]

as required.
3. Closure Theorem

Theorem 3.1 : Let fi(z) = 2P and

fu(z) = 2% = (pkjrz)

Pk =@al=A+p=q) = Ap—-a)p—q—-1) = ¢(p=q) + (0 = )1 = N)] 4
Elp =) INE=q)(k—q—=1)+ ¢k —q) = (6 = )1 = A) +a(l = A+ k — q)]

for k > 14 p.Then f( ) € £5(p, A\, 9,0, ) if anly if f(2) can be expressed in the form

f(z) =X fi(z) + Z Ak fr(z) where A\p > 0 and A + Z A = 1.
k=p+1 k=p+1
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Proof : Suppose f(z) can be expressed in the form

z) = Mfi(z Z Ak fi(2
k=p+1

2P+ Z /\k W>T

—p+1 k+_7

1—A+p q)—Ap—q)(p— q—l)—¢(p—q)+(5—¢)(1—k)]zk

q' k—q)k—q—1)+¢k—q) = (0 —¢)(1 =) +a(l-A+k—q)
A Ml o ST, (B
{1—1-]6%;1 k] k%;rl k<k+7>

al=A+p—q) = Ap—a)lp—a=1) = p—a) + (6 =)L = N)] 4
(p Q)[A(k—Q)(k—q—1)+¢(k—q)—(5—¢)(1—A)+a(1—/\+k—q)]
N P\
= kglAk<k+v)
Pk =9 el =A+p=¢) = Ap—-q)p—g—-1) =P - g+ (I =)L = V)]
Rlp— Ak —)(k—qg—-1)+d(k—q) = (6 =) (L =N +a(l = A+ k—q)]

Then

e

)

Pk=—a(l=A+p—q¢) = Ap—q)lp—gqg—1)—9(p—q) + (6 —¢)(1 = N)]
Ep = MNEk=q)(k—q—=1)+¢(k—q) = (6 = )1 =N +a(l =A+k—q)]
Fip = @)!ME—a)(k =g =)+ d(k—q) =6 =)L =N +a(l = A+ k—q)] ;
Pk—la(l—A4+p—q) - ANp—p—a-1)—op—a)+ -1 —-N]"

= Z M=1-)\<1.

k=p+1

Therefore f(z) € £*(p, A, ¢, 9, a).
Conversely, suppose that f(z) € £%(p, A, ¢, 0, «), we have

p+7\"
s (13
Pk —a(l—-A+p—q)—Ap—q)(p—qg—1)—d(p—q) + (6 — ¢)(1 — \)]
Ellp—g)'Mk—q)(k—q—1)+d(k—q)—(0—0)1 =N +a(l-X+k—q)]
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We take

A+
= (55)
p!(P—Q)![)\(k—Q)(k—q—1)+¢(k—Q)—(5—¢)(1—/\)+a(1—/\+k—@]a
Pk—fal-A+p— \p—-qp—a-1)—-op—a + G —d)(1—N] *

o0
E>1+pand >, M=1-X

k=p+1
o0
f(z) =2 — Z apz"
k=p+1
o0
Pty
5 ()
Pt k+

Pk =@l =A+p=¢) = Ap—@)p =4 —1) = d(p—¢) + 0 = )1 = N)] 4
Bl p =Mk —q)(k—g—=1)+¢(k—q) = (6 =) (L = A) +a(l = A+ k —q)]

=P — Z Mel2? — fu(2)] = 2P |1 — Z Ak | — Z NSk

k=p+1 k=p+1 k=p+1
o
M)+ D0 Aefu(2).
k=p+1
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