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CONNECTED TOTAL DOMINATING SETS AND CONNECTED
TOTAL DOMINATION POLYNOMIALS OF THE FAN GRAPH F,,,

A. VIJAYAN! AND T. ANITHA BABY?

Abstract

Let G = (V, E) be a simple graph. A set S of vertices in G is said to be a total dom-
inating set if each vertex v € V is adjacent to an element of S. A total dominating
set S of G is called a connected total dominating set if the induced subgraph (S)
is connected. In this paper, we study the concept of connected total domination
polynomials of the Fan graph F5,. The connected total domination polynomial
n
of a graph G of order n is the polynomial D.(G,z) = . de(G,i)z?, where
1=t (G)

det(G, 1) is the number of connected total dominating sets of G of size i and v..(G)
is the connected total domination number of G. We obtain some properties of
D (Fz 5, x) and their coefficients. Also, we obtain the recursive formula to derive
the connected total dominating sets of the Fan graph Fs ,,.

1. Introduction

Let G = (V, E) be a simple graph of order |V| =n. A set S of vertices in a graph G is
said to be a dominating set if every vertex v € V is either an element of S or is adjacent
to an element of S. A set S of vertices in a graph G is said to be a total dominating set

if every vertex v € V is adjacent to an element of S. A total dominating set S of G is

Key Words : Connected total dominating set, Connected total domination number, Connected

total domination polynomial, Fan graph.

© http: //www.ascent-journals.com

135



136 A. VIJAYAN & T. ANITHA BABY

called a connected total dominating set if the induced subgraph (S) is connected. The
minimum cardinality of a connected total dominating set S of G is called the connected
total domination number and is denoted by 7.+ (G).

Let F», be the Fan graph with n + 2 vertices. In the next section, we construct the
families of connected total dominating sets of F3, by recursive method. In Section
3, we use the results obtained in Section 2 to study the connected total domination

polynomials of the Fan graph F,,.

As usual we use < 7; ) for the combination n to 3.

2. Connected Total Dominating Sets of the Fan Graph F;,,
Fan graph F»,, [5] is a graph obtained by joining two vertices u and v to every vertices

of a path graph F,.

Let Iy, be a Fan graph with n + 2 vertices. Label the vertices of F5 ,, as v, v2,v3,- -,

Unt1,VUn+2. Then, V(Fy,) = {v1,v2,v3, -+ ,Unt1, Unya} and E(Fy ) =
{(v1,v3), (v1,v4), (v1,05), - - - (V1, Vng1), (V1, Vng2), (V2,03), (V2,v4), (V2,05), - -+, (V2, Vpy1),
(,027 Un+2)7 (USa U4)7 ('U4, 'U5), (1)5, UG), Tty (UTLa 'UnJrl), ('Un+1a Un+2)}- Let dct(FZ,n; /L) be the

number of connected total dominating sets of Iy, with cardinality i.

Lemma 2.1 : The following properties hold for all graph G with |V(G)| = n+2 vertices.
(i) det(G,n +2) = 1.
(ii) da(Gyn+1) =n+ 2.
(iii) det(G,4) = 0 if i > n + 2.

(iv) du(G, 1) = 0.
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Proof : The proof is given in [§].
Lemma 2.2 : ForallneZJr,(?Z) =0ifi>nori<O0.
Lemma 2.3 : For any path graph P, with n vertices,

(i) det(Pn,m) = 1.
(i) det(Pp,n — 1) = 2.
(iii) det(Pp,n —2) = 1.
(iv) det(Pp,i) =0if i <n—2 or i > n.

Theorem 2.4 : For any path graph P, with n vertices, D (P, z) = 2" 2 422"t 2™
Proof : The proof is given in [6].

Theorem 2.5 : For a complete bipartite graph K, 5, the connected total domination
polynomial is Dt (Kpyp,z) = [(1 4+ 2)™ — 1][(1 + 2)" — 1].

Proof : The proof is given in [6].

Theorem 2.6 : Let K>, be a complete bipartite graph with n + 2 vertices, then
D(Kop,w) = (22 + 22)[(1 + )" — 1].

Proof : The proof follows from Theorem 2.5 when m = 2.

Theorem 2.7 : Let K>, be a complete bipartite graph with n + 2 vertices, then,

D (Kap,i) = {("j2>—<?>—1 if i=2
(nj2>—<7> for all 3§i§n+2}.

Proof : The proof follows from Theorem 2.6.

Theorem 2.8 : Let F,, be a Fan graph with n + 2 vertices, then du(Fsp,7) =
det (Ko, 1) + det(Pr, 1) for all 4.

Proof : Let K3, be a complete bipartite graph with partite sets V7 = {v1,v2} and
Vo = {v3,v4, - ,Uny2}. Let v1,v2 € V(Ks,) are the two vertices adjacent to all the
vertices of P,,. Then K5, be a spanning subgraph of F3, and since F5, — Ko, = P,,
we have, K, UP, = F5,. Therefore, the number of connected total dominating sets of
the Fan graph F5, with cardinality ¢ is the sum of the connected totaldominating sets

of the complete bipartite graph K, with cardinality i and the number of connected
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total dominating sets of the path graph P, with cardinality i. Hence, det(F5p,1) =

dct(KZ,n) Z) + dct(Pna Z) for all 7.
Theorem 2.9 : Let F5,,n > 2 be a Fan graph with n + 2 vertices, then

W datnir= ("7 ) - ()
) da o) < n+2 > < ) 1ifi=2.
(i) det(Fon,0) = ( " ) ( >

(iv) det(Fon, ) = ( ”f2>—<?>+2if¢:n—1.

]

forall3<i<nmn+2andi#n—2,n—1,n.

+1, fori=n—2,n.

Proof : (i) By Theorem 2.8, we have, de(Fbpn,1) = det(Kon,t) + det(Py, 1) for all .

Since, det(Pp,1) =0 for all i < n — 2 and i > n we have,
det(Fop,i) = deg(Kaop,i) foralli<n—2 ori >n

- <"j2>—<?> forall 3<i<mn+2

and i #n — 2,n — 1,n, by Theorem 2.7.
(ii) When i = 2 and n > 5, det(Py, 1) = 0. Therefore,

dct(FQ,nai) = dct(KQ,nai)

= (n—:2>—<7§>—1 by Theorem 2.7.

(iii) Since, det(Pp,i) =1 for i = n — 2,n, we have,

(iv) Since, d(Py,1) = 2 if i = n — 1, we have,

et (Fom,i) = < ";.L2)—<f’;>+2 if §=n— 1.

Theorem 2.10 : Let F5,,,n > 6 be a Fan graph with n + 2 vertices, then

(1) det(Fon, i) = det(Fop—1,1) +2if i = 2.
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(ii) det(Fom, 1) = det(Fon—1,1) + det(Fop—1,7— 1) + 1 if 4 = 3.
(111) dct(FQ,na 2) = dct(FQ’n_l, Z) =+ dct(FQ,n—lai — 1) —1lfori=n-— 1, n — 3.
(iV) dct(FQJL, Z) = dct(FQJL_l,Z-) + Clct(FQ’n_l,Z' — 1) —2ifi=n—-2.

(V) dct(Fgm,i) = dct(F2,n—17i) + dct(F2,n—1,i — 1) for all 4 < ¢ < n+2 and 1 75

n—1,n—2n—3.

Proof : (i) When ¢ = 2,

det(Fon,2) = ( n;2 ) - < g > — 1, by Theorem 2.9(ii)
= 2n+1-1

det(Fon,2) = 2n.
Consider,

det(Fon-1,2) = ( ”;2 ) - < " N 1 ) —1 by Theorem 2.9(ii)

= 2n—1-1
= 2n-—2
dct(FQ,nfla 2) = dct(FQ,rn 2) - 2.

Therefore, det(Fop,2) = det(Fan—1,2) + 2.
Hence, dct(FQ,na ’L) = dct(FQ,nfla Z) +2if i = 2.

. . n+2 n .
(ii) When i = 3, det(Fapn,3) = < 3 > - ( 3 >, by Theorem 2.9 (i).

Consider,

+1 ~1 +1 -1
dct(FQ,n1,3)+dct<F27n1’2):<n3 >_<n3 >+<n2 >_<n2 >_1’

by Theorem 2.9 (i), (ii).
()= ()0 ) )

)
det(Fon—1,3) + det(Fon—1,2) = det(Fon, 3) — 1.

Therefore, det(Fopn,3) = det(Fan—1,3) + det(Fan—1,2) + 1.
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Hence, dct(FQ’n, ) = dct(FQn 1,2 )erct(an 1, )Jr 1if7=3.
(iii) When i =n — 1,

det(Fop,i) = < n—;2 ) — < TZL ) + 2, by Theorem 2.9 (iv).
. n+1 n—1
det(Fon—1,1) = ; = ; + 1, by Theorem 2.9 ( iii).
) n+1 n—1 .
det(Fop-1,1—1) = o1 )\ + 2, by Theorem 2.9 ( iv).

Consider,

—_
+

()T () (0
(1) [ (=)
.

dct Fo o lvl)Jcht F2n 1,7 1)
_<n
<Z‘)+2+1

Therefore, det(Fop, i) = det(Fop—1,1) + (Fop—1,5—1) —1if i =n — 1.
When i =n — 3,

det(Fom,i) = ( n—l—Q ) - < 7; > , by Theorem 2.9 (i).
) n+1 n—1
det(Fop—1,1) = ; - ; +1, by Theorem 2.9 (iii).
det(Fop—1,1—1) = ( 7;1—11 ) — < TZL__ll > , by Theorem 2.9 ( i).
Consider,

det(Fon—1,1) + det(Fop—1,7— 1)

(")) ) - (05
Jo (i) -0 (m)]
)

= des( FM, i)+ 1.

—
+

n —+ 2

:(n
(n)+1

|
7 N
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Therefore, dct(FQ’n, ’L) = dct(FQ,nfla Z) + dct(F27n,1,Z' — 1) —1lifi=n-3.
(iv) When i =n — 2,

det(Fop,i) = ( ”;,L2 ) - ( 7; ) +1 , by Theorem 2.9 (iii).
, n+1 n—1 .
det(Fom — 1,1) = ; - ; +2, by Theorem 2.9 (iv).
, n+1 n—1
det(Fop—1,1 —1) = P e U s 1, by Theorem 2.9 (iii).

Consider,

Theorefore, det(Fopn, 1) = det(Fop—1,1) + det(Fop—1,9— 1) — 2, if i =n — 2.
(v) By Theorem 2.9 (i), we have det(Fs p, 1) = < " + 2 ) — < TZL > forall3<i<n+2

i
andi#n—2,n—1,n.

e = (4)-("7)

, _ n+1 n—1
dct(F2,n—17'L_1) - < i—1 )_( i—1 )
Consider,

. . +1 -1 +1 -1
ittt - ("7 (7)o (111) (1)

)0 ) )

)
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Therefore, det(Fan,i) = det(Fan—1,1) + det(Fop—1,4 — 1) for all 4 < i < n + 2 and
i#n—1,n—2,mn—3, by (i) (i) (iii) and (iv).

3. Connected Total Domination Polynomials of the Fan Graph F;,,
Definition 3.1 : Let de(F2p,1) be the number of connected total dominating sets of
the Fan graph F5 ,, with cardinality . Then, the connected total domination polynomial

of Fy ,, is defined as,
n+2

Dct(FQ,n; .%') = Z dct<F2,na l)xly
i:'th(FZn)
where ¢ (Fb,,) is the connected total domination number of F5 ,,.

Remark 3.2 : vy (Fy,) = 2.

Proof : Let Fy, be a Fan graph with n + 2 vertices. Let v1,v2 € V(Fa,) and vy, v2
are adjacent to all the other vertices v3, v4,vs5, -+, Unt1,Unt2. The vertex vy or vy and
one more vertex from vs3, v4, Vs, -+ ,Unt1, Uny2 i enough to cover all the other vertices.
Therefore, the minimum cardinality is 2.

Hence, o (Fap) = 2.

Theorem 3.3 : Let F5,, be a Fan graph with n + 2 vertices, then

Dct<F2,na -7/') = Dct(KZnax) + Dct(Pnax)'

Proof : By the definition of connected total domination polynomial, we have

n+2 '
DCt(FQ,Tba 37) = Z dct(FZ,ny i)xl~
=2

n+2

= Z[dct(KQ,nu i) + det (P, z)]xz, by Theorem 2.8.
i=2
n+2 n+2

= Y da(Kop,i)2' + ) de(Pr,i)a’.
i=2 i=2
= Du(Kop,x)+ Det(Py, x).
Therefore, Det(Fs p, x) = Det(Kap, ) + Det(Pr, ).
Theorem 3.4 : Let Dy (Fsy,x) be the connected total domination polynomial of a
Fan graph F3, with n + 2 vertices, then

n+2 "2 S ont2 ‘
Dct(Fz,n,ﬂC):Z( ; >ml—z<i>1‘Z—:U2+1:”_2—|—2:E”_1+x”.

i=2 =2
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Proof : The proof follows from Theorem 2.4, Theorem 2.7 and Theorem 3.3.
Theorem 3.5 : Let Dy (F3y,x) be the connected total domination polynomial of a

Fan graph F5, with n + 2 vertices, then,
Det(Fop,x) = (1 4+ 2)Deg(Fop1,2) + 2% + 2% — ™3 = 22"2 —g" L n > 7.

Proof : By the definition of connected total domination polynomial, we have,

n+2 '
Dct7(F2,n7x) == cht(F27n,'i).Il.
=2

n+2
= Z[dct(Fg,n,l,i) +det(Fop—1,1— 1)]xi, by Theorem 2.10 (v).
=2
n+2 ' n+2 4
= Y da(Fon-1,8)2" + Y de(Fop-1,i— 1)a".
i=2 i=2
n+2 . n+2 .
= > da(Fop-1,i)2' + 2 ) dey(Fap1,i— 1)z’ .
=2 =3

= Dct(FQ,n—h x) + cht(FQ,n—lv x)

Hence,
Dct(FQ,n;x) = (1 +x)Dct(F2,n—17$)- (1)
When i = 2,
det(Fop, 2)2? = [det(Fan—1,2) + 2]z, by Theorem 2.10 (i).
Hence,
dct(F2,n7 2).7}2 = dct(FQ,n—ly 2).%‘2 + 2.2[,‘2 (2)
When i = 3,

det(Fan, 3)2% = [det(Fan—1,3) 4+ det(Fon_1,2) + 1]z, by Theorem 2.10 (ii).

Hence,
det(Fon, 3)2® = det(Fan—1,3)2” + det(Fan—1,2)a” + 2°. (3)

When ¢t =n—1,

det(Fop,n—1)2" " = [det(Fo 1, n—1)+det(Fo1,n—2)—1]z" "', by Theorem 2.10 (iii).
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Hence,

det(Fop,n — 12" = dey(Fo_1,m — 12" 4+ dey(Fopp_1,m — 2)2™ " — 2™ 1 (4)
When ¢t =n — 2,
det(Fom, n—2)n_2 = [dct(FQ,n,l,n—2)+dct(F2,n,1,n—3)—2]:v”_2, by Theorem 2.10 (iv).
Hence,

det(Fon,n — 2)33"_2 =de(Fon-1,n — 2):6"_2 +det(Fop—1,n — 3):5"_2 — 2272, (5)
When i =n — 3,
det(Fon,n—3)2""3 = [det(Fapn—1,n—3)+det(Fo—1,n—4)—1]2" 3, by Theorem 2.10 (iii).
Hence,

det(Fom,n — S)x"_3 =det(Fap-1,n— 3)30"_3 +det(Fop—1,n — 4)1‘”_3 — "3, (6)
Combining (1), (2), (3), (4), (5) and (6), we get,

Det(Fop,2) = (14 2)Det(Fop1,2) + 222 + 2% — ™3 — 22772 — gL,
Example 3.6 :
Det(Fog,x) = 1207 4 362 + 562* + 522° + 282° + 827 + 5.

By Theorem 3.5. we have,

De(For,z) = (14 2)(122% + 362 + 562 + 522° + 282° + 827 + 2®)
+222 + 2% — 2 — 225 — 25,

= 142° + 4923 + 912* + 1062° + 7925 + 3627 + 92° + 2°.

We obtain de(Fbp, i) for 2 < n < 15 as shown in Table 1.
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Table 1
il 2 3 4 5 6 7 8 9 10 11 12 13 4 | 15 | 16 | 17
2 | 5 4 1
3 | 8 | 10 5 1
4| 9 | 18 15 6 1
5 | 10 | 26 32 21 7 1
6 | 12 | 36 56 52 28 8 1
7 | 14 | 49 91 106 79 36 9 1
8 | 16 | 64 | 140 | 196 | 183 114 15 10 1
9 | 18 | 81 | 204 | 336 | 378 205 158 55 11 1
10 | 20 | 100 | 285 | 540 | 714 672 451 212 66 12 1
11 | 22 | 121 | 385 | 825 | 1254 | 1386 | 1122 661 277 78 13 1
12 | 24 | 144 | 506 | 1210 | 2079 | 2640 | 2508 | 1782 936 354 91 14 1
13 | 26 | 169 | 650 | 1716 | 3280 | 4710 | 5148 | 4290 | 2717 | 1288 | 444 | 105 | 15 1
14 | 28 | 196 | 819 | 2366 | 5005 | 8008 | 9867 | 9438 | 7007 | 4004 | 1730 | 548 | 120 | 16 | 1
15 | 30 | 225 | 1015 | 3185 | 7371 | 13013 | 17875 | 10305 | 16445 | 11011 | 5733 | 2276 | 667 | 136 | 17 | 1

Theorem 3.7 : The following properties hold for the coefficients of D¢ (F5 p,x) for all

n.

(1) det(Fom,2) = 2n,n > 5.

(ii) det(Fon,3) = n?,n > 6.

(iii) det(Fon,i) = 0if i < 2 or i > n+ 2.

(iV) dct(FQ,n,n + 2) =1.

(V) det(Fop,m+ 1) = n+ 2.

(vi) det(Fonym) = < 2
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Proof : Proof is obvious.
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