International J. of Math. Sci. & Engg. Appls. (IIMSEA)
ISSN 0973-9424, Vol. 11 No. I (April, 2017), pp. 151-157
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Abstract

In [3], the authors introduced the notion of semiring valued graphs. In [1], the
authors introduced the notion of Regularity on S-valued graphs. In [4], we have
introduced the notion of K-Coloring on S-valued graphs. In this paper, we studied
the upper bounds of K-Colorable S-valued graphs.

1. Introduction

The first known mention of coloring problems was in 1852., when August De Morgan
wrote Sir William Rowan Hamilton about the problem: Whether four colors would be
sufficient for all possible decompositions of the plane into regions. In the most common
kind of graph coloring, colors are assigned to the vertices.

In any proper vertex coloring of G, the vertices that receive the same color are inde-
pendent. The vertices that receive a particular color make up a color class. Thus,
in
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any chromatic partition of V(G), the parts of the partition constitute the color classes.
This allows an equivalent way of defining the chromatic number.Although the chromatic
number is one of the most studied parameters in graph theory, no formula exists for
the chromatic number of an arbitrary graph. It is straight forward to establish the
chromatic number of graphs in some of the most common graph families.

In [3], the authors introduced the notion of semiring valued graphs. In [1], the authors
introduced the notion of Regularity on S-valued graphs. In [4], we have introduced the
notion of K-Coloring on S-valued graphs. In this paper, we study the upper bounds of
K-Colorable S-valued graphs.

2. Preliminaries
In this section, we recall some basic de
nitions that are needed for our work.
Definition 2.1 : A semiring (S, +,-) is an algebraic system with a non-empty set S

together with two binary operations + and o such that
(1) (S,+,0) is a monoid.
(2) (S,-) is a semigroup.
(3)V a,bb,ceS,a-(b+c)=a-b+a-cand (a+b)---c=a---c+b-c
4)0-z=2-0=0V zeS.

Definition 2.2 : Let (S, +, ) be a semiring. A canonical Pre-order < in S is defined as
follows : V a,b € S,a <X bif and only if, there exist an element ¢ € S such that a+c¢ = b.
Definition 2.3 [2] : A k-vertex colouring of a graph G is an assignment of k - colours
to the vertices of G such that no two adjacent vertices receive the same colour.
Definition 2.4 [2] : A graph G that required k-different colours for its colouring and
not less number of colours is called a k-chromatic graph and the number k is called the
chromatic number of G, denoted by x(G). That is, x(G) = k.

Definition 2.5 [3] : Let G = (V, E) be a given graph with V, E' # ¢ . For any semiring
(S,4+,-), a semiring-valued graph (or a S valued graph), G° is defined to be the graph
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G® = (V,E,0,v) where 0 : V — S and ¢ : E — S is defined to be

min{o(z),o(y)}, if o(z) <o(y) or o(y) < o(x)
U(z,y) =
0 if otherwise
for every unordered pair (z,y) of E C VXV. We call o, a S vertex set and 1, a S-edge
set of G*.
Definition 2.6 [4] : Consider the S-valued graph G° = (V,FE,0,1). A colouring
of G° is given by a function f : VXV — SXC such that for all v € V we have
f(v,v) = (0(v);c(v)), where ¢(v) € C.
Definition 2.7 [4] : If |C| = k then f is called a k -colouring of G*.
Definition 2.8 [4] : Consider the S-valued graph G°. A colouring f on G is said
to be equi-weight (or vertex regular) proper colouring if for all v € V', o(v) have equal
value in S and ¢(v) € C differ for adjacent vertices.
Definition 2.9 [4] : A colouring f : VXV — SXC is said to be total proper colouring,
if v € V both o(v) € S and ¢(v) € C have different value for adjacent vertices.
Definition 2.10 [4] : A S-valued graph G is said to be k-colourable, if it has a proper
vertex regular or total proper colouring such that |C| = k.
Definition 2.11 [4] : Let G° be k-colourable graph. The vertex chromatic number of
G, denoted by S(G®) is defined to be S(G®) = (min,ey (o (v)), min |C]).
Definition 2.12 [1] : Consider two S-valued graphs G = (Vi, E1,01,%1) and G5 =
(Va, Ea,09,19) such that V3 NV, = ¢. The union of these two S-valued graphs is
GS = Gf UGS = (V,E,0,v¢) where V = Vi UV, E = E; U By and the vertex and edge
functions are de

ned as follows:
oi(v) if veW
o(v) =
oa(v) if veVs

and
¢1(’U¢,Uj), if (vi,vj) e Fq
7/}<U17U2) =
¢2(U¢,Uj) if (’Ul',Uj) S E2
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3. K-Colourable S-valued Graphs

In this section, we derive the chromatic number for some special graphs and derive
conditions for a S-valued graph G° to be l-colorable.

Theorem 3.1 : Any complete graph K,f is [ -colorable iff [ = n.

Proof : Let KJ = (V, E,0,v) be | colorable. This implies |V| = n, |E| = n(n —1)/2.
Let C ={C1,Cy,---,Ci}.

Case A : If K7 is vertex regular proper coloring, the o(v) = a, for all v € K2 .

Claim : [ =n.

Suppose [ # n, then [ > n or | < n. Since n is the total number of vertices [ > n is not
possible. Hence assume that | < n needs n distinct colors. Since [ < n, then there exist
atleast one vertex which has same color contradicting the fact K3 is I-colorable. Hence
l=n.

Case B : If K is total proper colorable with o(v;) # o(v;),V (vi,v;) € E and ij =
1,2,---,n. Then C(v;) # C(v;),4,j =1,2,---,1. Thus in both cases, [ = n.
Conversely, if | = n and o(v) = a for every v € V then all the n vertices are colored by
n = [ distinct colors. Therefore by definition K3 is [-colorable.

Similarly if [ = n and o(v;) # o(vj),V(vi,v5) € E,i,5 =1,2,--- ,n. Then by definition,
K7 is I-colorable. Hence K7 is I-colorable.

Corollary 3.2 : The vertex chromatic number of K satisfiesyS(K5) = (a,n) where
a = minyey o(v).

Theorem 3.3 : Any (a, k) regular S valued graph G is l-colorable iff [ = k and G¥ is
complete.

Proof : Let G° = (V,E,0,%) be (a,k) regular S valued graph, o(v) = aV v € V,
for some a € S and deg(v) = k¥ v € V. Let G¥ be coloured by I distinct color
C; ={C1,C4,---,C;} so that |C;| = | where the colouring is proper equi-weight vertex
regular or total proper coloring.

Claim : [ = k.

Since | < k is not possible and the underlying graph G of G° is k-regular, it requires
atleast 1 colours to colour the vertices in both the cases of equi-weight or total proper
colouring.

If the graph G is not complete, [ < k, which is not possible. On the other hand, if the

graph G° is complete it requires only ! = k colours.
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Corollary 3.4 : For any (a, k) regular S valued graph G°, xS(G®) = (a, k) for some
a€s.

Any complete or complete bipartite S-valued graph on k vertices are (a, k) regular for
some a € S. Thus any complete or complete bipartite S-valued graph on k vertices are
[-colourable if and only if [ = k. This proves the following main theorem.

Theorem 3.5 : For any complete or complete bipartite S-valued graph on k vertices,
xS(G®) = (a, k) where a = min,cy o (v).

Theorem 3.6 : For two S-valued graphs G = (V1, Ey,01,1) and Gg = (Va, By, 09,129)
with V1 N Ve = ¢, xS(G7 UGS) < xS(GY) + xS(G3).

Proof : Consider two S-valued graphs G5 = (Vi, By, 01,v1) and G5 = (Va, By, 09, 9).
Let G = Gy UGS) = (V,E,0,¢) where V. = ViU Va E = E; U Ey. The vertex and
edge functions are de

ned as follows:
o1(v), if vewn
o(v) =
oa(v), if veV,
and
¢1(’U¢,Uj), if (vi,vj) e Fq
7/}<U17U2) =
¢2(U¢,Uj), if (’Ul',Uj) S E2
Let |V1] = n; and |Va| = na. Similarly, let |E1| = m; and |E2| = me. Let mingey, o(v) =
a for some a € S and min,ey, o(v) = b for some b € S. Let xS(GY) = (a,1), C1 =
{0176, T 7Cl}' Let XS(Gg) = (b7 k) , C1= {617027 T ,Ck}. Now,

a, if a<b
mino(v) = min{a, b} =
veV b, if b<a
If ] <k and a < b, we have
XS(GY UGY) = (a, k) (1)
If £ <1l and b < a, we have
XS(GY UG3) = (b1) (2)

and

XS(GY) + xS(G3) = (a,1) + b k) = (a + b,k +1).
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There are three possibilities, namely a + b = a,a + b = b,a + b = ¢ for some ¢ € S.

Hence,
(a,l+k) if a+b=a

YS(GY) +xS(G5) =< (bl+k) if a+b=b (3)

(c,l+k) if a+b=c
From (1), (2) and (3) the above, we conclude that xS(G{ U G35) < xS(GY) + xS(GS).
Corollary 3.7 : For any S-valued graph G°, xS(G° U GS) < xS(G®) + xS(G%).
Proof : By taking GY = G° and Gg — G5 in the above theorem we obtain the result.
Theorem 3.8 : If Gf and G*Zg are [ and k-colorable S-regular graph with S-vertex set
{a} and {b} respectively and | < k then
(a,k) if a<b
XS(GY) UxS(G3) =
(b,k) if b<a
Proof : Let Gf be [ colorable S regular graph with S vertex set {a} and G5 be k
colorable S regular graph with S vertex set {b}. Then o;(v) =a Vv € Vj. Therefore,
minoy(v) = a,v € V4. o(v) = bV v € Vo. Therefore, minoa(v) = bV v € Va. Now
consider G UGS = (V, E,0,%). If a < b, then min o1 (v) = a,v € V. Since V1NV, = ¢,
ViUVy = V needs | and k-colors, therefore (G U GS) = (a,l + k) if b < a, then
X(G7 UGS) = (b1 + k).
Theorem 3.9 :
Wi(G), if [Ws(G)| < [Wi(G3))
Wi(GYUGE) =
Wi(G3), if |Wi(G5)| < [W,(GY)]
where |W,(G#)| is the cardinality of the mini clique of the S-valued graph.
Proof : Let GY = (V4, E1,01,v1) both Wi(GY) = (a,n) where a = minimum o(v)
v-clique minimum, n-number of vertices in minimum clique. Let G5 = (Va, Ea, 09,12)
with W(G5) = (b,m). Let G{ UGS) = (V, E,0,%). Since the minimum clique in G¥
and G5 are cliques in (G UGS) any which, for which number of vertices is less became
a minimum clique in (G5 U G5) . Therefore, if n < m, then Wy(G{ UGS) = (a,n) =
W,(GY). If m < n, then W,(GY UGS) = (b, m) = W,(G5).
WL(GY), if GY contain the minimal clique G5

Wi(GY UGE) =
Wi(GS), if G5 contain the minimal clique GY.
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