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Abstract

In our paper, Motivated by the extended b-metric spaces concept, we prove main re-
sults regarding common fixed point theorems in generalized b-metric space. Which
hold contraction mappings, M. Seddik and H. Taieb worked and showed that the
results in generalized b-metrie space hold Cauchy sequence. Out results may fur-
ther generalized some extended results.

1. Introduction

The concept of distance between two abstract objects has received importance not only
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for mathematical analysis and Generalization to an also for its related fields, b-metric
space is one of many usual metric, which was introduced by Bakhtin in 1989 his work
and then extensively used by Czerwik in 1993, Thereafter, lot of improvements have
been done in finding fixed points for single and multi-valued operator in that space.
There are a lot of extensions of the notions of metric and metric space. In this paper
we concentrate on b-metric and generalized b-metric spaces.

Some problems particularly the problem of the convergence of measurable functions
with respect to measure leads Czerwik [10] to the generalization of metric space and
introduced the concept of b-metric space and proved Banach’s contraction theorem in
so called b-metric space. After Czerwik [6] many papers have been published containing
fixed point results on b- metric spaces and using the results [1, 3, 4, 5, 6, 7, 8, 9, 12, 13,
14]..

2 Definitions and Preliminaries
Definition 2.1 ([2], [11]) : Let X be a non-empty set and let d : X x X — [0,00) be

a function satisfying the conditions.
1. d(z,z) = 0;
2. d(z,y) = d(y, ) = 0 implies that x = y;

3. d(z,y) = d(y, ) ;
4. d(z,y) < d(x,z) +d(z,y) for all z,y,z € X.

If d satisfies the conditions from 1 to 4 then it is called metric on X, if d satisfies
conditions 2 to 4 then it is called dislocated metric (d-metric) on X and if d satisfies
conditions 2 and 4 only then it is called dislocated quasi metric on X. In the view of
above definition one can define the b-metric space [7] as following :

Example 2.1 [7] : Let X = {0,1,2} and d(0,0) = d(1,1) = d(2,2) = 0,d(1,2) =
d(2,1) = d(0,1) = d(1,0) = 1,d(2,0) = d(0,2) = m > 2 for k = m2 where m > 2 the
function defined above is a b metric but not a metric for m > 2.

Definition 2.2 : Let X be a non-empty set, let £ > 1 be a real number then a mapping
d: X x X —[0,00) is called b metric if V z,y,z € X,

1. d(z,z) = 0;
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2. d(z,y) = d(y,z) = 0 implies that x = y;
3. d(z,y) = d(y, );
4. d(z,y) < kld(z, 2) + d(z,y)].

The pair (X,d) is called b-metric space. It is crystal clear from the above definition
that b-metric is more generalization of metric. Evidently every metric is b-metric but
the converse is not true as shown by the following example.

Example 2.2 : Let 0 < p < 1 and define Ly[a,b] by

Lo = {ato)] | ety < o)

where the mapping d : Ly[a,b] X Lyla,b] — R is define by

e = ([ ntt) — wor) "

for each z = z(t),y = y(t) € Lyla,b], then (Ly[a,b],d) is a b-metric space with coeffi-
cients = 2%_1.
Lemma 2.1 : Let (X,d) be a b-metric space with coefficient s > 1 and f: X — X be

a mapping, consider that {P,} is a sequence in X induced by P, = fP, we have
d(PruPn—i-l) < Md(Pn—laPn) (1)

for all n € N, where p € (0,1) is a constant, then {P,} is a Cauchy sequence.

3. Main Results
Theorem 3.1 : Let (X,d) be a complete b-metric space with a coefficient s > 1 and
A, B: X — X be self mappings on X, following conditions satisfying
d(p, Ap)d(p, Bq) + d(q, Bq)d(q, Ap)
d(p, Bq) + d(q, Ap)
d(Ap, Bq)d(p, Ap) + d(p, Aq)d(Aq, Bq)
d(Ap, Bq) + d(q, Ap)
d(p, Ap)d(Bp, Bq) + d(Aq, Bp)d(Bp, q) ()
d(Ap, Bq) + d(q, Ap)
For all p,q in X and a1, a2,a3,a4 > 0. Also we show that d(p, Bq) + d(q,+Ap) # 0,
d(Ap, Bq) + d(q, Ap) # 0,d(Ap, Bq) + d(q, Ap) # 0, with (a; + a2 + ag + a4) < 1. Then

A and B have a unique common fixed point in X.

d(Ap,Bp) < aid(p,q) + a2

+ay
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Proof : Let we have any arbitrary point pyp € X, define sequence {p,} in X, s.t.
Pyl = AP, Popyo = BPsyy1, forall ne N. (3)

Consider, we have some n € N, s.t. P, = P,y1, if n = 2¢, then P5; = P»; 1. Now from

the equation (2) and with help of p = P,; and g = P11, we get

d(Paiy1, Poiv2) = d(Ap2i, Bpit1) < a1d(Po; > Pojt1)

d(p2i, Ap2i)d(p2i, Bp2iv1) + d(p2iv1, Bp2it1)d(p2it1, Apai)
d(p2i, Bp2it1) + d(p2iq1, Ap2;)

as d(Ap2i, Bpaiv1)d(p2i, Ap,;) + d(p2i, Ap2it1)d(Ap2it1, Bpa:)
d(Apai, Bpait1) + d(p2it1, Ap2i)

d(p2i, Ap2i)d(Bp2i, Bp2it1) + d(Ap2it1, Bp2i)d(Bp2i, p2it1)
d(Apai, Bp2it1) + d(p2it1, Apai)

“+as

+ay

= ald(p2iap2i+1)
d(pm', p2i+1)d(P2m p2i+2) + d(pzi, p2i+2)d(p21+1,p21+1)
d(p2i, p2iv2) + d(P2it+1, P2i+2)
d(p21'+1 >y D2i+1 )d(Pzi, P2i+1) + d(pzz', p21+2)d(p2i+2, p2¢+2)
d(p2it+1,p2i+2) + d(P2it1, P2i+2)
d(in,pziH)d(pziH,p2i+2) + d(p21'+2,P2¢+1)d(p2i+17p2i+1)
d(p2i+1, p2ite) + d(p2it1, P2it2)

+as

+as

+ay

Then d(p2i+1,p2i42) = 0, hence po;y1 = p2ir2. Thus we get pa; = p2if1 = P2it2, by
equatiion (3), it means py; = Apg; = Bpa; s.t. po; is a common fixed point of A and B.

If n = poiy1, then we can apply same arguments as p2; + p2i+1, which is show, pg;41 is

a common fixed point of A and B.
Now, we consider that p,, # ppy1, for all n € N.

Result 1 : We have

d(pn + pnt1) < (a1 + a2 + a3 + aq)d(pp—1,pn) for all n e N, (4)

so that we can show some terms in given conditiion.



COMMON FIXED POINT THEOREMS IN... 5}
Condition 1 : Let n = 2i 4+ 1, from equation (2) with p = po; and g = p2;+1, we get

d(p2it1,p2iv2) = d(Ap2;, Bpaiy1) < a1d(p2i, p2it1)
a0 d(p2i, Ap2i)d(p2i, Bp2iv1) + d(p2iv1, Bp2it1)d(p2it1, Apai)
d(p2i, Bp2it1) + d(p2iq1, Ap2;)
d(Ap2i, Bpaiv1)d(p2i, Api) + d(pait, Ap2it1)d(Ap2it1, Bpait1)
d(Ap2;, Bp2it1) + d(p2it1, Ap2;)
d(p2i, Ap2i)d(Bp2i, Bpaiy1) + d(Ap2it1, Bp2i)d(Bpa;, p2it1)
Ad(p2i, Bp2iy1) + d(p2iv1, Ap2i)

+CL3

“+ay

= a1d(p2i, p2it+1)

d(p2i, p2it1)d(p2i, p2it2) + d(p2iv1, p2iv2)d(P2it1, P2it1)
d(p2i, p2i+2) + d(p2it1, P2it1)
d(p2it1, p2i+2)d(p2i; p2it1) + d(p2i, p2it2)d
d(p2it1,P2it2) + d(p2it1, P2it2
d(p2i, P2i+1)d(p2is1, p2iv2) + d(p2iv2, P2it1
d(p2i+1, p2iv2) + d(P2i, P2it1

= (a1 + a2 + a3 + ag)d(p2i, Poit1)-

“+as

—

P2i42, P2i+2)

+CL3

A(p2is1, P2
tay (P2i41,P2i+1)

~— [ — ~—

Hence,

d(pn,pnt1) < (a1 + a2 + as + aq4)d(pp—1,pn), for all n € N. (5)

Condition 2 : Let n = 2i in condition (1), we use some argument, which can prove

that in equation (4), dfor n = 2; s.t.

d(pn,pn+1) < (a1 + a2+ a3 + as)d(pn—1,pn), n=2;+1. (6)

Now, by equation (5) and (6), we get

d(pn;Pn+1) < (a1 + a2 + az + as)d(ppy1,Pn); n =N, (7)

which is also show in equation (4).

Since (a1 + a2 +az+aq) < 1, by Lemma 2.1, we can say that {p,} is a Cauchy sequence
in (X,d), so that (X, d) is a complete b-metric space {p,} converges to some u € X as

n — Q.

Result 2 : Now, we can prove that Aw = Bw = W,.



D. P. SHUKLA AND VIMLESH KUSHWAHA

By help of the triangular inequality and equatiion (2), we get

d(w, Aw) <

IN

sld(w, pan+2) + d(pant2, AW)]
sd(w, Pop42) + sd(Aw, Bpan41)
(

sd(w, pan+2) + sa1 d(w, pany1)
d(w, Aw)d(w, Bpai+1) + d(p2n+1, Bpan+1)d(pan+1, Aw)
d(w, Bpait+1) + d(p2it1, Aw)
d(Aw, Bpan+1)d(w, Aw) + d(w, Apan+1)d(Apan+1, Bpont1)
d(Aw, Bpant1) + d(pan+1, Aw)
d(w, Aw)d(Bw, Bpan+1) + d(Apan+1, Bw)d(Bw, pan+1)
d(Aw, Bpant1) + d(pan+1, Aw)
sd(w, pan+2) + sard(w, pan+1)
d(w, AW)d(w, pan+1) + d(pan+1, P2n+2)d(P2n+1, Aw)
d(w, pan+2) + d(p2n+1, Aw)
d(Aw, pan+2)d(w, Aw) + d(w, Apan+1)d(Apan+1, Dant2)
d(Aw, pan+2) + d(p2n+1, Aw)
d(w, Aw)d(Bw, pant2) + d(p2nt2, Bw)d(Bw, pan+1)
d(Aw, pant2) + d(p2n+1, Aw)

+sag

+sasg

+S8ay

+sasg

+sasg

+Ssay

Taking the limit as n — 400, we get d(w, Aw) < 0, hence d(w, Aw) =0 — Aw = w.

Similarly, Bw = w.

Result 3 : Let us

Now it is clear that w is a common fixed point of A and B.

prove that A and B have a unique common fixed point.

Now consider [ and m are two new common fixed point of A and B by equation (2), we

get

d(l,m)

= d(Al,Bm)
d(l, A)d(l, Bm) + d(m, Bm)d(m, Al)
d(lm) 4 d(m, Al)
d(Al, Bm)d(l, Al) + d(l, Am)d(Am, Bm)
d(Al, Bm) + d(m, mAl)
d(l, Al)d(Bl, Bm) 4+ d(Am, Bl)d(Bl, m)
a d(Al, Bm) + d(m, Al)
= aid(l,m).

IN

ard(l,m) + ag

+ag

Since, a1 < 1, we get d(I,m) = 0.

Hence we proved that A and B have a unique common fixed point in X.

Theorem 2 : Let (X, D) be a complete b-metric space with a coefficient s > 1 and
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A,B: X — X be two mapping on X, following conditions.

d(q, Bq)[1 + d(p, Ap)]

d(Ap,Bq) < aid(p,q) + a2 L+ d.q)

d(q, Bq) + d(q, Ap)

1 +d(q, Bq)d(q, Ap)

d(Aq, Bq) + d(Aq, Ap) + d(Bq, Ap)

1+ d(Aq, Bq)d(Aq,?Ap)d(Bgq, Ap)

d(Bp, Aq) + d(Ap, Bq) + d(Ap, Bp) + d(Aq, Bq)
1+ d(Aq, Bq)d(Aq, Ap)d(Bg, Ap)

—ngd

aqsd

+a5d

(8)

where all p,q € X and a1, as, a3, ag,a5 > 0. Also s(ay,as,as,aq,a5) < 1. so that A and
B have a unique common fixed point in X.

Proof : Let xg be arbitrary in X and a sequence (p,) in X, then

Pon+1 = Apgn,p2n+2 = Bpaont1 forall n e N. (9)

Now consider n € N and p, = Pyy1, if n = 2; and pg; — P2;41, so that from the equation

(8) and p = p2i, ¢ = Poiy1, we get

d(pe+1 — Peit1) = d(Ap2s, Bpaiy1)
d(p2i+1, Bpaiv2)[1 + (p2i, Ap2i)]
1+ (p2i, p2it+1)
d(Apai, Bpait1)d(pai, Ap2i)

1 4 d(p2it1, Bpoit1) + d(p2it1, Ap2;)
) d(Ap2it1, Bpoiy1) + d(Apzit1, Ap2;i) + d(Bpaiy1, Ap2;)

1+ d(Ap2it1, Bpoiy1) + d(Apzit1, Ap2i)d(Bp2it1, Ap2i)

d(Bp2i, Ap2it1) + d(Ap2i, Bp2it1) + d(Apa;, Bpa;) + d(Ap2iy1, Bpa;)

“+a2

+a3

+a

+a

°1+ d(Bpai, Ap2it1) + d(Apai, Bpais1)d(Apai, Bpai) + d(Apait1, Bpaii1)
= aid(p2;, p2it1)
d(p2iy1,p2it2)[1 + (p2i, P2i42)]
1+ d(pai, p2it1)

, d(p2is1,P2it2) + d(p2i, p2is1)

1+ d(p2iy1, p2it+2)d(P2i41, P2it1)
] d(p2iv2, P2it2) + d(p2it2, P2i4+1) + d(P2i42, P2it1)

1 4 d(p2it2, D2i+2)d(D2i+2, P2it1) + d(P2it2, P2it+1)
d(p2it1,P2iv2) + d(p2is1, p2i2) + d(P2i41, P2iv1) + d(P2iy2, P2it2)

1 + d(p2i+1, P2i+2)d(P2i+1, P2i+2) + d(D2ig1, P2it1)d(P2i42, P2i42)

“+a2

+a

+a

+as

Then
1 — (a1 + a2 + as + a4 + as)d(p2it1,p2it2) <0
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Since, given constant is less than one, then we get d(p2i+1,p2i+2) < 0. Hence pg; =
P2i+1 = P2it2. Now it is clear that pe; = Ape; = Bpo; such that po; is a common fixed
point of A and B. If n = 2i + 1 are some argument, then we get pa; = p2j+1.

Hence po;y1 is also a common fixed point of A and B.

Now we consider that p, # p,41 for all n € N.

Result 1 : Let we have

ai
a1 + az + 2a4 + 2ad)
so that we can show that some terms in given condition.

d(PnyPr+1) < 1—( d(pp—1,pn) forall ne N (10)

Condition 1 : If n = 2i + 1, from equatiion (8) and p = po; and ¢ = pg;y+1 we get

d(p2it1,p2i+2) = d(Ap2i, Bpait1)
d(p2i, Bpait1)[1 + d(p2i, Ap2;)]
1+ d(p2i, p2i+1)
, d(p2i, Bp2it1) + d(p2i, Ap2i)
1+ d(p2i+1, Bp2iv1)d(p2it1, Ap2i)
4d(Ap2i+17 Bpait1) + d(Apaiy1, Ap2;) + d(Bpzit1, Ap2i)
1+ d(Ap2it1, Bpaiv1)d(Ap2it1, Ap2i)d(Bp2it1, Ap2i)

IN

a1d(p2i, p2i+1) + a2

+a

+a

d(Bpai, Ap2i+1) + d(Ap2i, Bpait1) + d(Apai, Bpei) + d(Ap2it1, Bpaiti)

+a

= a1d(p2i, p2it+1)
d(p2it1,p2it2)[1 + d(p2i, p2i41)]
1 + d(p2i, p2i+1)

. d(p2iy1,P2it2) + d(p2is P2ig1)

1+ d(p2i+1,P2iv2)d(P2it1, P2i41)
. (P2it2, P2i42) + d(P2it2, P2iv1) + d(P2iy2, P2it1)

1+ d(p2is2, P2it2)d(p2it2, P2i+1) + d(P2it2, P2ig1)

d(p2it1,P2iv2) + d(P2it1, P2i42) + d(P2i41, P2it1) + d(p2iy2, P2iv2)

“+a9

+a

+a

+as

1+ d(Bp2i, Ap2i+1)d(Ap2i, Bp2it1)d(Ap2i, Bpai) + d(Ap2it1, Bp2iti)

1+ d(p2it+1, p2i+2)d(P2i+1, P2it+2) + d(2i+1, P2it1)d(P2it2, P2it2)
al

= d(p2i, P2it1).
1— (a2+a3+2a4+2a5) (p2z p21+1)

Hence we get
ai
az + az + 2a4 + 2as)

Condition 2 : Let n = 2i,i € N, now we apply some argument in condition (1), for

d(pn,Pns1) < = d(pp—1,Pn), n=2i, i € N. (11)

n = 21, we get
ay
az + az + 2a4 + 2as)

d(pn,Pny1) < = d(pn—1,pn), n=2i+1, i€ N. (12)
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By equation (11) and (12), we get

ay
1 — (a2 + a3 + 2a4 + 2as)

d(PnyPrt1) < d(pp—1,pn), forall‘n e N.

Hence V = 17(a2+a3ai2a4+2a5) as V < % <1, because S = (a1 +az + a3+ 2a4+ 2as5) < 1,
now it is clear that equation (10) hold.

By Lemma 2.1, we say that the sequence {p,} is a Cauchy sequence in (X,d), since
(X,d) is a complete b-metric space and {p,} converges to some u € X, as n — +o0.
Result 2 : Now we can prove that Aw = Bw = W. With the help of triangular

inequality and equation (8), we get

d(w, Aw) < sld(w,pant2) + d(pang2, AW)]
= sd(w, Pypy2) + sd(w, Bpani1)
< sd(w, pons2) + sard(w, pani1)

d(p2n+1, Bpan1)[1 + d(w, Aw)]
1+ d(w, pan+1)
d(p2n+1, Bpan+1) + d(p2n+1, Aw)
1+ d(p2n+1, Bpan+1) + d(p2n+1, Aw)
a d(Apan+1, Bpany1) + d(Apani1, Aw) + d(Bpani1, Aw)
1+ d(Ap2n+1, Bpant1) + d(Apan+1, Aw)d(Bpan+1, Aw)
d(Bw, Apant1) + d(Aw, Bpan11) + d(Aw, Bw) + d(Apan+1, Bpant1)

+sag

+sas

+s

+sa
1+ d(Bw, Apan+1)d(Aw, Bpan+1) + d(Aw, Bw)d(Apan+1, Bpan+1)

Taking the limit as n — 400, we get
d(w, Aw) < (a3 + 2a4 + 2as5) sd(w, Aw).
Since a3 + 2a4 + 2a5 < 1, hence d(w, Aw) = 0. Then Aw = w. Similarly, we get
d(w, Bw) < 2sas d(w, Bw).

Since 2sas < 1, hence d(w, Bw) = 0. Then Bw = w.
Now, w is a common fixed point of A and B.

Result 3 : We can prove that A and B have a unique common fixed point. Consider
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that [ and m are two new common fixed point of A and B. By equation (8), we get

d(l,m) = d(Al,Bm)
d(m, Bm)[1 + (I, Al)]
1+d(l,m)
d(m, Bm) + d(m, Al)
1+ d(m, Bm) + d(m, Al)
d(Am, Bm) 4+ d(Am, Al) + d(Bm, Al)
1+ d(Am, Bm)d(Am, Al)d(Bm, Al)
d(Bl, Am) + d(Al, Bm) + d(Al, Bl) + d(Am, Bm)
1+ d(Bl, Am)d(Al, Bm)d(Al, Bl)d(Am, Bm)
< (a1 + as + 2a4 + 2a5)d(l,m).

IN

ard(l,m) + ay

+as

+a

+as

Since 0 < a1 + a3 + 2a4 + 2a5 < 1, we get d(I,m) = 0. Hence we prove that A and

B have a unique common fixed point in X.
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