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Abstract

Belief function and plausibility function give one of the pair of lower and upper
limits of probability function respectively. We have another basic belief assignment
based on probability mass function. In this paper, belief function and plausibility
function obtained from this basic belief assignment, are used to obtain lower and
upper limits of distribution function and mean of probability distributions. Also
we tried to obtain these limits in terms of probabilities given by probability mass
function of probability distribution by using series results [6].

1. Introduction

In [3,4], a special case of upper and lower probabilities has been introduced by Dempster.
Existence of probability function is assumed, which is one to many mapping m from
space X to frame of discernment ©. The lower probability of A in X is equal to the
probability of the largest subset of © such that its image under m is included in A. The

upper probability of A in space X such that the image under m of all elements have a
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non-empty intersection with A. In [11], belief functions on a system of sets of an infinite
or finite universe are represented by a probability measure or probability charge. In
Kyburg’s article [8], let set IT of all those probability distributions compatible with the

available information
vV ACO,PA) = infenp(4) P.(A) = superp(A) 1)

with IT is a convex set of probability distributions. For confidence bands, F'(z) < F(x) <
F(x), where F(x) is not precisely known and we can specify F(x) and F(z) from R to
[0,1]. Then the distribution band is T'(F, F) = (F|V 2z € R,F(z) < F(x) < F(z)) [7].
If F(x) and F(z) are step functions then distribution band becomes probability box [5].
In [2], imprecise belief structures are set of belief structures whose masses on focal ele-
ments A, interval-valued constraints M = {m : a; < m(A4;) < b;}. The intervals [a;, b;]
specifying an imprecise belief structures are not unique if m(4;) < min.{b;, 1->_ ot aj}.
Upper and lower bounds to m determine interval ranges for belief and plausibility func-
tions. Yager [12] considers same situations in which the masses of focal elements lie
in some known interval, allowing us to model realistically situation in which the basic
probability assignments can not be precisely identified.

In this paper, we calculate distribution function and mean of any given probability
distribution, if possible. By Shafer‘s basic belief assignment [10], probability of set,
belief of set and plausibility of set are equal. But in our defined basic belief assignment,
Bel(A) < p(A) < Pl(A), VA C O which is mentioned in Dempster‘s articles [3, 4].
Hence we calculate lower and upper limits of distribution function and mean of any
given probability distribution (sections 3-7). Here, we obtain lower and upper limits of

distribution function and mean by using steps:

1 Calculate distribution function and mean with help of given probability distribu-

tion.

2 Calculate lower and upper limits of already calculated distribution function and
mean by using belief functions and plausibility functions as lower and upper lim-
its of probability. Also we calculate distribution function and mean based on

probability of set.
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3 Dividing by distribution function and mean based on probability of set to distribu-
tion function and mean by using belief and plausibility functions and multiply by
distribution function and mean of distribution (by considering mutually disjoint
and exhaustive subsets of ©). Thus, we get lower and upper limits of distribution

function and mean (by considering mutually disjoint and exhaustive subsets of

o).

2. Preliminaries
In this section,we provide necessary preliminaries about discrete belief function theory
[10], interval arithmetic [9] and discrete probability distribution theory [1].
2.1 Discrete Belief Function Theory [10]
Frame of Discernment :
Dictionary meaning of Frame of Discernment is frame of good judgement insight. The
word discern means recognize or find out or hear with difficulty. If frame of discernment
O is

© ={01,0,,...,0,}
then every element of © is a proposition. The propositions of interest are in one -to -one
correspondence with the subsets of ©. The set of all propositions of interest corresponds
to the set of all subsets of ©, denoted by 2. A function m : 2© — [0, 1] is called basic

probability assignment whenever

1. m(0) = 0.

2. Y acom(A) =1.

The quantity m(A) is called A’s basic probability number and it is a measure of the
belief committed exactly to A. The total belief committed to A is sum of m(B), for all
proper subsets B of A.

Bel(A) = ) m(B). (2)

BCA

If © is a frame of discernment, then a function Bel : 2© — [0, 1] is called belief function
over O if it satisfies above condition (2). A function Bel : 2 — [0, 1] is belief function

if and only if it satisfies following conditions
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1. Bel(0) =0.
2. Bel(©) = 1.
3. For every positive integer n and every collection Ay, Ao, ..., A, of subsets of ©
Bel(AyUAyU...UA,) > > (=) Bel((1) 4)). (3)
I1c{1,2,-,n} el
Degree of doubt :
Dou(A) = Bel(A) or Bel(A) = Dou(A). (4)

The quantity pl(A) =1 — Dou(A) = Y. m(B) which expresses the extent to which
ANB#£(
one finds A credible or plausible. We have relation between belief function, probability

mass (or density) function and plausibility function [3, 4] as:
Bel(A) <p(A) < Pl(A), VACB®. (5)

In Moore’s book [9], operations on intervals viz. addition, subtraction, multiplication,
division and functions on intervals are explained in detail. In division of intervals, if
union of intervals is (—o0, 00) then it is better to perform calculations and draw conclu-
sion on separate intervals whose union is (—oo, 00). From Bansi Lal and Sanjay Arora’s
book [1], we have referred preliminaries about distribution function and mean of discrete

probability distributions.

3. Lower and Upper Limits of Distribution Function

If |©] = n then every element in frame of discernment © is repeated exactly 27!
number of times and sum of probabilities of all subsets of © is 2"~!. Now, let A =
{{a1},{az},...,{an}} C ©. In discrete space, since singletons are disjoint, the inter-
section of any number of singleton subsets of O is always emptyset. Therefore we get

A
m(a) = 24)

VA C ©. (6)

P(A)
on—1

The quantity m(A) = is a basic probability assignment.
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3.1 Indexing of Subsets of ©

In order to apply stastistical concepts for our defined basic belief assignment, we apply
indexing of subsets of © as follows:

Let © = {601,02,...,60,} hence |©] = n. Number of subsets of © are 2". We define

indicator function as :

0 if6; ¢ A

7
1 ifg; e A ()

For any subset A of ©,14(0;) = {
If A={6;,0k,0;,0m,0p,04} then indexing number of A in © is
n . .
v=) Ta(6;)2 7" =207t 4 2F Tt olnt pomel pgpel 4 gat
i=1

Notes :-
10< <2 —1.
2 v = 0 corresponds to (.
3 v=2"—1 corresponds to O.
4 Any value in between 0 and 2™ — 1 corresponds to proper subset of ©.

5 Indexing of subsets of O is helpful in obtaining statistical quantities as it does not

affect results of statistics and mathematics.

With this indexing of set, we will obtain some statistical quantities from Bansi Lal and

Arora Sanjay‘s book [1] as :
1 Distribution Function: P(v) = P[V <v] =31 _,p(V).
2 Expectation of V =Mean: E(V) =3 1_,Vp(V).

With this indexing, we have following observations as:

1 As number of elements or subsets of © increases for indexing i.e V increases, value

of statistical quantities also increases.
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2 If indexing of elements or subsets of © is altered then value of statistical quantities
is also altered accordingly. If values of V' are assigned according to size of subset
and subscript of variables 6;, in ascending order then we get suitable value of
statistical quantities. If values of V are assigned according to probability of subset,
in descending order then we get smallest value of statistical quantities. If values
of V are assigned according to probability of subset and subscript of variables 6;,

in ascending order then we get largest value of statistical quantities.

With these observations, we should choose indexing of subsets of @ according to our
interest.

Now, we calculate distribution function P(X < k) of given probability distribution with
help of probability mass function. For £ =0,1,2,...,n and by formula

2’62—1 Bel(V) 2%_:1 PL(V)
V;Elip(X <k)<PX<k < ‘gfk:i P(X <k), (8)

2. P(V) 2. P(V)
V=0 V=0

we get lower and upper limits of distribution function.
In another way, we can calculate lower and upper limits of probability distribution as:

By indexing of subsets of ©, we have

X 0 1 2 3 4
\%4 1 2 4 8 16

Now subsets of © required for probability distribution, have relation between X and V'

as:

Sr. No. | Subset of © V
1 {xo} 1
2 {zg, 21} 1+2=3
3 {xo, xq, .%'2} 14+244="7
4 {zo, z1, 22, 23} 1+2+4+8=15
5 {zo, 21,2, 23,24} | 14+24+44+8+16=31
k {xo,xl,xg,...,wk} 14244+ 42k =9kl _1
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Now by notation

p(v):p(AU) 7}207172737""2”_1

By indexing of sets, F(z) = P(X < z) = p({0,1,2,3,...,n}) = p(A,) and only
in this case, relation between x and v is v = 2" — 1, 2 = 0,1,2,3,...,n. By
lower and upper limits of probability of sets, Bel(A,) < P(A4,) < PI(A,), we get
Bel(A,) < F(X) < z) < Pl(A,), z =0,1,2,3,...,nand v = 22! — 1 Therefore
we get lower and upper limits of distribution function of given probability distribution

including the case of subset 0.

4. Lower and Upper Limits of Statistical Quantity of Probability Dis-

tribution

Here we calculate statistical quantity of given probability distribution with help of
probability mass function. Similar to distribution function, we can obtain lower and

upper limits of respective statistical quantity as:

Stat.Quan.
pd <
Stat.Quan.

Stat. .
at-Quan. e Stat.Quan.,y < Stat.Quan.

Pl
Stat. . 9
Stat.Quan., ., at-Quan.pq - (9)

prob.
where

Stat.Quan.g,; = Statistical quantity based on belief function of set
Stat.Quan.,,,, = Statistical quantity based on probability of set
Stat.Quan.,q = Statistical quantity based on probability mass function of probability distribution

Stat.Quan.p; = Statistical quantity based on plausibility function of set.

5. Calculation of Statistical Quantities based on Probability of set

Using formlae from Hall and Knight book [6], we find sums of some finite series as per
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our requirement. Consider

2n—1

> VP(V) =0P(0) + LP(1) + 2P(2) + 3P(3)

V=0

1

+4P(4) +5P(5) +6P(6) + 7P(7)

+8P(8) +9P(9) + 10P(10) + 11P(11)

+12P(12) + 13P(13) 4+ 14P(14) + 15P(15)

+:

(@ DPE 1)

=0P(0) + 1P({z1}) + 2P({z2}) + 3(P({z1}) + P({22}))
+4P({zs}) + 5(P({21}) + P({z3})) + 6(P({z2}) + P({z3}))
+7(P({z1}) + P({z2}) + P({z3})) + 8P({z4}) + I(P({z1} + P({24}))
+10(P({z2} + P({za})) + 11(P({21}) + P({z2}) + P({z4}))
+12(P({z3}) + P({z4})) + 13(P({z1}) + P({z3}) + P({z4}))
+ 14(P({z2} + P({as}) + P({z4}))

+15(P({z1}) + P({z2}) + P({z3}) + P({z4}))

+:

4+t (2" — 1)(P({331} + P({1'2} +eee P({xn}))
(10)

on_
Y VPV)=(1+3+5+T7+ - +2" = 1)P({z1})
V=0

+(24+3+6+T7+10+11+14+15+ -+ (2" = 2) + (2" — 1)) P({z2})
+(4+54+6+T7+124+ 13+ 14+ 15+ -+ (2" —4) + (2" - 3)
+(2"=2)+ (2" = 1)) P({z3})

+:

+(@"H+e D)+ @ 42+ @ 2 - D) P{zn)).
(11)
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Now we will calculate coefficients of P({z;}),j =1,2,...,n as:

Consider 1 +3+4+54+74---+ (2" —1)

= (2m 12, ()

Consider 24+3+6+7+104+11+14+154---+ (2" =2) + (2" - 1)
—24+3+24)+2+3+28)+2+3+2(12) +2+3+2(16)+2+3

o827 p2n Tty 22 2l 4 20)
2n—3+2n—4+...+22+21+20

= > 8k + (2 + 3)
k=0
gn—34on—44 .. 49249190
=(243)+ > 8k + (2 +3)
k=1

=@2+3)+@+3)2" P +2" . 422421 +29)
+8@m P pon by 22yt gy ot o 422 4ol 420 4 1) )2
=5+5(2"2 - 1)(2" 4 5)

=20(5 4+ (2772 — 1)(2" +5)).
(13)

Consider 44+5+64+7+124+134+14+15+---+ (2" -4)+ (2" -3)+ (2" -2)+ (2" - 1)
=(A4+54+64+7)+408)+(4+5+6+7)+4(16)+ (4+5+6+7)

+424) + (A+5+6+T7) + -+ 322" 42770 ... 4 22 4 21 4 20)
2n74+2n75+.._+22+21+20

= > (4)(8)k+ (4+5+6+7)
k=0
on—4_4on—5_..1924 91490
=(4+5+6+7)+ > (D) + (4+5+6+7)
k=1

=(4+54+6+7)+22(2" 1 42770 .. 422 21 4 20)
+32<2n—4+2n—5++22+21+20)(2n—4+2n—5++22+21+20+1)/2
=224 (2773 —1)(22 + 2(2"))

=211+ (2" — 1)(11 +2")).
(14)
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Consider 8 +9+10+114+124+ 13+ 14+ 15424425+ 26+ 27+ 28 +29 + 30+ 31
(2" =8)+ (2" =T)+ (2" —6) + (2" —5) + (2" — 4)

(2" —=3)+ (2" —2)+ (2" - 1)

=(8+9+10+11+12+ 13 + 14 + 15)

_|_
+

+16(8) + (8+9+10+ 11+ 12+ 13+ 14 + 15)
+32(8) + (8+9+10+ 114124 13+ 14 + 15)
+48(8) + (8+9+10+ 11412+ 13+ 14+ 15)

+--+96+(8+9+10+ 11412+ 134+ 14+ 15)
2n—5+2n—6+._+22+21+20

= > (16)(8)k + (8 + 9+ 10+ 11 + 12+ 13 + 14 + 15)
k=0
2n—5+2n—6+“_+22+21+20
=4(23) + > (16)(8)k + (8 + 9+ 10+ 11 + 12 + 13 + 14 + 15)
k=1

=4(23) +4(23)(2"° + 2" 0 ... 422 4 21 1 20)

+(16)(8) (2" P 420 22 2t 20y 2SO 22 42t 420 4 1))/2
= 4{23 + (2" - 1)(23 4+ 2")}

=22{23 + (2" * - 1)(23 + 2")}.

By analogy, the coefficient of P({z;}) is

KG)

D @TH@E+ @+ @ D@ )+ T (@ )
k=0

where K () = gn=(+1) 4 on—(+1)-1 4 . 4 92 4 91 | 90 (16)
= (2N (2 Ok + 272272 4 277 1)

= (272)(Qn T 1) (2242 o) 2R 20 ),
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The coefficient of P({x,—1}) is

K(n—1)
Z (2n—2)(2n—1)k + (2n—2 + (2n—2 + 1) + (2n—2 + 2) NI (271—2 + (2n—2 - 1))
k=0
whereK (1) = gn=((n=1)+1) — 90 _ 1
0
— Z(Qn—l)(2n—1—1)k + 2(n—1)—2(2(n—1)—2 + 2(n—1)—1) + 2(n—1)—2(2n—3 + gn—2 _ 1)
k=0

— 277,—3(21 _ 1)(2n—3 + 2TL—2 _ 1 + 2n) + 2(71—1)—2(271—3 + 2n—2 _ 1)

(17)
Finally, the coefficient of P({z,}) is
Z(Qn_l)(Qn)k‘ + (2n—1 + (277,—1 + 1) + (2n—1 + 2) NI (2n—1 + (2n—1 _ 1)
k=0
— Z 2n(2n71)k + 2n72(2n72 + 2n71 o 1) (18)
k=0

— 2n72(2n72 4 2n71 o 1)

Therefore by using (12)-(17), we have

2n—1 n 2n—(j+1)+2n—(j+1)—1+".+22+21+20
Y VPV)=>A > 2 H 2k
V=0 j=1 k=0

T @D H @ )+ (2T (27 = Dp({a5))
= Zn:{(zﬂ)(z"*j — )P 42T 2™y 20722072 - 297 D) p({a)).
j=1

(19)

6. Calculation of Statistical Quantities Based on Belief of Set

Using formulae from Hall and Knight book [3], we find sums of some finite series as per
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our requirement. Consider

2n—1
> VBel(V) = 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3)
V=0

+4Bel(4) + 5Bel(5) + 6Bel(6) + 7Bel(7)

+ 8Bel(8) + 9Bel(9) + 10Bel(10) + 11Bel(11)

+ 12Bel(12) + 13Bel(13) + 14Bel(14) + 15Bel(15)

+

+ oo (2" = 1)Bel(2" - 1)

= 271,1{0 04+ 1-1p({zi}) +2- Ip({e2}) + 3 - 2(p({z1}) + p({22}))
+4-1p({s}) +5-2(p({1}) +p({z3})) + 6 - 2(p({z2}) + p({23}))
+7-4(p({z1}) +p({z2}) +p({zs})) +8 - Ip({za}) +9 - 2(p({z1} +p({24}))
+10-2(p({2} + p({za})) + 11 - 4(p({z1}) + p({22}) + p({z4}))
+12-2(p({zs}) +p({za})) +13 - 4lp({z1}) +p({zs}) +p({24}))
+14 - 4(p({za} + p({z3}) + p({24}))

+15-8(p({z1}) + p({22}) + p({z3}) + p({z4}))

+:

+o (2= 1) 2Dz} + p({z2) + -+ p({za})
(20)

on 1
S VBe(V) = 271—1_1{(1-1+3-2+5-2+7-4+---+(2”—1)-(2"—1))p({x1})
V=0

+(2:14+3:24+6-2+7-4+10-2+11-4+14-4+15-8
Fe (20227 (2" - 1) - (2 ))p({z2})
+(4-145-246-2+7-4+12-24+13-4414-4+15-8
Fo (20 -2 4 (27 - 3)(2"77)

+(2" 22" + (2" - D" )p({ws})

+:
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+(@" Y1+ D) 24 @ 4 2) 24 (27 4 3) A4
+(2" =) 2+ (2" =3)- (2" + (27 —2)- (2" (21)
+ (2" = 1) 2" ))p({za})}-

To calculate coefficients of P({z;}),7 = 1,2,...,n, we adopt following steps as:

1 Calculate recurrence relation between coefficients of p({z1}) with increasing values

of n.
2 Calculate coefficient of p({z1}) with value of n = j.

3 Calculate difference of coefficients of consecutive probabilities i.e. p({z;}) and

p({xj+1}) for fixed values of n.
4 Calculate coefficient of p({z;}) for given n.

6.1 Calculate recurrence relation between coefficients of p({z;}) with increas-
ing values of n

Now consider 1-1+3-245-2+7-4+---4 (2" — 1) - (2"7!). Here a; represents
coefficient of p({x1}) with value n = k. Here we use notation afy pepy = coefficient of

p({z1}) in >V Bel(V'). Therefore for > V Bel(V') we have
1

afy gy =1-1=1,
1 _ _
a(27Bel)—1‘1+3‘2—7,
a%&Bel):1-1+3-2+5-2+7-4:45,
1

Ay ety = 1-14+3-2+5-24+7-4+9-24+11-4413-4415-8 =279,
a%&BeZ) = 1701, ... and so on.
With analytic observations, we have, a%l’ Bel) = 1-1=1,
Ay pery = 1-1+3-2

= a%l,Bel) +3(2)

= 3(a(y, pery) + 4(1)

= 3(a(y,pery) + 2°(3").

(22)
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algpey =1-14+3-245-2+47-4
:a%zBel) +5(2) +7(4)

(23)
= 3a(y,pey) +8(3)
= 3a%2,Bel) +23(31)
alipay=1-1+3-245-247-449-2411-4+13-4415-8
= a3 pepy T 9(2) + 11(4) + 13(4) + 15(8) o
24

= 3a(3 pery +16(9))
= 3a(3 gy +2'(3%))

Similarly, a(y gy = 3a(, gey + 16(54) = 3a(, .y + 32(27) = 3a(, gy +2°(3%),... and

so on. Therefore we have recurrence relation as:
a%l,Bel) =1, andforn=23.4,..., a%n,Bel) = 2"(3"72) 4 3(1%”_1736” (25)

6.2 Calculate recurrence relation between coefficients of p({z;}) with value
of n

by using (22)-(25)Consider
aty gery = 2" (3" %) + 30,1 pery
= 2"(3" %) +3(2" 13" + 3a(n 2,Bel))
=2"(3"?) + 2771872 + Bl pay)
=3"2(2" + 2" + 3%a(, 5 pay)
=3"72(3(2"71)) + 3%a, s pay)
=3"(2m ) + 32 a(n 2,Bel)

=32 302N 4 2 2 1 22) 37 ey

2n71 _ 22
— 3n—1(2n—1) + 371—2( 5 -

— 3n—1(2n—1) + 3n—2(2n—1 o 1)

—-1_1
)+ 3" ag gy

6.3 Calculate difference of coefficients of consecutive probabilities i.e. p({z;})

and p({zj;+1}) for fixed values of n.
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For this, we calculate differences of order one vertically for coefficient of p({z1}) and
p({z2}) for first four values of n i.e. n =2,3,4,5. Firstly we prepare a table of coeffi-
cients of p({z;}) for j <n, n=1,2,3,4,5 as:

n | p({z1}) | p({z2}) | p({zs}) | p({za}) | p({25})
1 1

2 7 8

3 45 48 54

4 279 288 306 342

5| 1701 | 1728 | 1782 | 1890 | 2006

Here we use notation df for difference between pt" and ¢ columns with p < ¢ <

0,J,Bel
n& j > q for j* row (fanszBel(v) for belief function Bel. For j = ¢, the difference
dfp’q’ J.Bel) is the first difference and further successive differences are dependent on this
difference with increasing j.
Differences in " v!Bel(v) vertically for coefficient of p({z1}) and p({x2})for first four
values of n are 1, 3, 9, 27. In another way, 1 = 3°,3 = 31,9 = 32,27 = 3%. Therefore,
the difference of coefficients p({z1}) and p({z2}) for n = k is 3*=2. Hence the difference
of coefficients p({z1}) and p({z2}) for n is d%l,Zn,Bel) =32
Differences in Y v!Bel(v) vertically for coefficient of p({x2}) and p({z3})for first three
values of n = 3,4,5 are 6, 18, 54. In another way, 6 = 2(3) = 2(3'),18 = 2(9) =
2(3%),54 = 2(27) = 2(3*). Therefore, the difference of coefficients p({z2}) and p({z3})
for n = k is 2(3¥72). Hence the difference of coefficients p({z2}) and p({z3}) for n is
d%Z,&n,Bel) =2(3"7%).
Differences in 3~ v! Bel(v) vertically for coefficient of p({x3}) and p({z4}) for first two
values of n = 4,5 are 36, 108. In another way, 36 = 4(9) = 4(3%), 108 = 4(27) = 4(3%).
Therefore, the difference of coefficients p({x3}) and p({x4}) for n = k is 4(3*~2). Hence
the difference of coefficients p({z3}) and p({z4}) for n is d%3,4,n,Bel) =4(3"2).
Differences of order one vertically for coefficient of p({z4}) and p({z5})for first value
of n = 5 is 216. In another way, 216 = 8(27) = 8(3%). Therefore, the difference of
coefficients p({r4}) and p({z5}) for n = k is 8(3¥2). Hence the difference of coefficients
p({z4}) and p({x5}) for n is d%4,5,n,Bel) =8(3"72).
Continuing in this way, the difference in Y v'Bel(v), of coefficients p({z;_1}) and



24 D. N. KANDEKAR

p({z;}) for n = k > j is 2972(3%=2). Hence the difference of coefficients p({z4}) and
p({zs}) for n is d%j—l,j,Bel) =2/72(3"72).
The difference of coefficients p({z1}) and p({z;}) for n is d%l’j’n’Bel) =3"2(1+2+4+

-+ 4 2972) which on simplification is 3"~2(2/~1 — 1).

6.4 Calculate coefficient of p({z;}) for given n

The coefficient of p({z;}) for n is sum of coefficient of p({z1}) for n and difference of
coefficients p({z1}) and p({x;}) for n. Therefore the coefficient of p({x;}) for n is
ST (372 + 3@ ) 4302 - D

Therefore by using coefficient of p({x;}) for given n, we have

2" —1

> VBel(V)
Vo (27)

n

= Z{in,l (3" @ #3237 - Dp({ag ).

J=1

7. Calculation of Statistical Quantities based on Plausibility of Set
As plausibility of set is an upper bound of probability of set, we will obtain upper limits

of statistical quantities in this section. Now consider
2n—1
> VPI(V) = 0PI(0) + LPI(1) + 2PI(2) + 3PI(3)
V=
+ 40Pl(4) + 5PI(5) + 6PL(6) + TPI(7)
+ 8PI(8) +9PL(9) + 10PI(10) + 11PI(11)
+ 12PI(12) 4+ 13PI(13) + 14PI(14) + 15PI(15)
_l’_

Fo (2P = 1)PIRY - 1)
= 2n1_1 {0+ 102" "p({z1}) + 2 *[p({x2}) + p({zs}) + - + p({z )]}
+2{2" ' p({x2}) + 2" *[p({an}) + p({ws}) + p({za}) + - +p({za D]}

+3{2" (p({z1}) + p({22})) + 3 - 2" [p({z3}) + p({z4})
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+p({as}) + -+ p({za D}

+4{2" p({wa}) + 2" *[p({x1}) + p({w2}) + p({za}) + - - + p({zn})]}

+5{2"  (p({x1}) + p({z3})) + 3- 2" *[p({x2}) + p({24})

+p({xs}) + -+ p({za P}

+6{2"  (p({2}) + p({23})) +3- 2" *[p({z1}) + p({24})

+p({xs5}) + -+ p({za D]}

+7{2" M (p({1}) + p({w2}) + p({x3})) + 72" *[p({24})

+p({zs}) + -+ p({za P}

+8{2" Ip({a}) + 2" ?[p({z1}) + p({x2}) + p({z3}) + p({25})

+p({ze}) + -+ p({za D)}

+9{2"  (p({x1}) + p({za})) + 3 2" [p({za}) + p({x3}) + p({ws}) + p({w6})
+ -+ p({za )}

+ 102" (p({z2}) + p({za})) +3- 2" [p({z1}) + p({ws}) + p({w5}) + p({s})
+ -+ p({za )}

+11{2"  (p({a1}) + p({z2}) + p({x4})) + 7- 2" [p({23}) + p({z5}) + p({z6})
+ -+ p({za )]}

+12{2"  (p({w3}) + p({za})) + 3 - 2" *[p({x1}) + p({22}) + p({x5}) + p({x6})
+-+p({za )}

+13{2" (p({z1}) + p({x3}) + p({za})) + 7- 2" [p({2}) + p({5}) + p({6})
+-+p({za )}

+14{2"  (p({22}) + p({z3}) + p({xa})) + 72" p({21}) + p({z5}) + p({z6})
+ -+ p({za )]}

+15{2"  (p({w1}) + p({w2}) + p({w3}) + p({4})) + 15 - 2" °[p({z5}) + p({w6})
+ -+ p({za )}

n

+(2" = 1D2" Hp({z1}) + p({z2}) + p({z3}) + -+ p({za}))}
(28)
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To calculate coefficients of p({z;}),7 = 1,2,...,n, we adopt following steps as:
1 Calculate coefficient of p({x;}) for given n.

2 Calculate difference of coefficients of consecutive probabilities i.e. p({z;}) and

p({xj4+1}) for given n.
3 Calculate coefficient of p({z;}) for given n.

7.1 Calculation of coefficient of p({z,}) for given n

Here we classify sets according to cardinality of set containing some particular element
{21} and not containing {x1} viz. set containing {x1} having plausibility 2”71, single-
ton set not containing {x;} having plausibility (2! —1)2"~2, set of cardinality 2 but not
containing {x1} having plausibility (22 —1)2"~3, set of cardinality 3 but not containing
{21} having plausibility (23 — 1)2"7%,..., set of cardinality r but not containing {x;}
having plausibility (2" —1)2"~("+1)and finally, set of cardinality n — 1 but not contain-
ing {x1} having plausibility 2"~"(2"~! — 1).The coefficient of p({z1}) is

set containing {z1} having plausibility 2"~

+ singleton set not containing {z;} having plausibility (2! — 1)2"2

+ set of cardinality 2 but not containing {x1} having plausibility (2% —1)2"~3
+ set of cardinality 3 but not containing {1} having plausibility (23 — 1)2"~4
+ set of cardinality 7 but not containing {z;} having plausibility (2" — 1)2”_(r+1)
+

+ set of cardinality n — 1 but not containing {z1} having plausibility (2"~! — 1)2"~"
=2" 11 4+34+54+7+---+(2" - 1))

+2"2. 12444+ 8416+ --- 42771
+2n_3-3(6+1O—|—12—|—18+20+24+34+36+40+48+"'+
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T2+ 2 42+ 2) (27 24244+ + (27T 2424448+ 4 277))

+ 20 T(14 4+ 22 4+26 4+ 28 + 38 + 42 + 44+ 50 + 52 + 56 + - - +)

+ 2770 . 15(30 + 46 + 54 + 58 + 60 + 78 4+ 86 + 90 + 92 + 102 + 106 + 108 + 114 + 116 + 120 4 - - )
+2"70.31(62 +94 + 110 + 118 + 122 + 124 + - - )

4+ 2777 63(126 4 -+ )

4

+on= (=D n=2 _ )2 94 4 (27— (644)) + (2" — 6))
2 r(2nl — 1) (2" - 2)

The coefficient of p({x1}) becomes

=2""11+3454+74--+(2"—1))
n—1

+202 ()2
i1=1
n—1i1—1

+27733() 0 ) T 2h 2R
11=212=1
n—11i1—1i3—1

+ 2n—4 . 7(2 Z Z 2i1 + 22‘2 + 2i3)
11=3i2=2143=1

n—1i43—122—14i3—1
+270 15 0D Y Y T oi 2 428 4 o)

i1=412=31i3=21i4=1

71—1 i0—1 ij72_1

2 (297t Z ST ) 22k o2l

11=7—1io=75—-213=5—3 ij—1=1
+
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7/1 1 ’LQ 1 7Jn 3— 1
2n—(n 1) 2n 2 Z Z Z Z 211 212+213+_..+21n,2)
i1=n—2i2=n—3i3=n—4 in—2=1
i1—1 19—1 tp—2—1 ‘ ‘ ' ‘ (30)
oo 5O S Y )
i1=n—112=n—21i3=n—3 tn—1=1

Now we will simplify summation part in each term separately and then simplify whole
expression.

Summation Part in First Term:-

We have
14+345+T74 -+ @"—1)= (2" 1% (31)
Summation Part in Second Term:-
We have
n—1
: 2m — 2
2 = — 2
> o (32)
i1=1

Summation Part in Third Term:-
To simplify summation part in third term, we require following results based on Knight

and Hall‘s book [6], as

+ (a+d)r + (a+2d)r* + (a+3d)r® + -+ (a+ (n — 1)d)r"*

_ e dr(l —r"=1) ~(a+ (n—D)a)r" (33)
Sl (1—r)? 1—r
Now » k2F =2 k2!
P pa (34)

=21+42-2'43.224+4.25 ... 4 n. 2771

Comparing with above result, for series inside rectangular brakets, we get a = d =

1,7 =2.

S | 121 -2 (QA+(n-11)2"
> k2 =25+ 12 . ] (35)

=21+ (n—1)2"].
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The some part in summation part in third term in required expression becomes as:

n—1 n—1

Y a2t =3 2" - (1(2) (36)

11=2 i1=1

=21+ (n—2)2""1 -2

Therefore summation part in third term in required expression by using (33)-(36) be-

comes as:

n—1141—1 n—1 i1—1
oD o2 =) {(i —1)27 + > 27}
11=2142=1 11=2 io=1
n—l1 i1 _ 37
:Z(¢11)2’1+22_12 o
i1=2
=(n—-2)(2"-2)

Summation Part in Fourth Term:-
To simplify summation part in fourth term, we require following results based on Knight
and Hall's book [6], as:
Let S=1+3r+5r%+---+ (2n — 3)r" 2
= rS=r+3?+53+- +2n-5)r"2+ (2n - 3)r" !
= S(l-r)= 1+2r+2r2+22r3+--.+2r"—21—(2n—3)r"—1
1 2 — T —3)r"-
= 5= 1—7“+ l—rr(llir )- <2n(1;3>:)
Using above sum, we have following sum as:
Let S = a?+ (a + d)*r + (a + 2d)*r% + (a + 3d)*r3 4+ -+ (a4 (n — 1)d)*r" " .
= 7S =a®r + (a+d)*? + (a +2d)*r% + (a + 3d)*r 4+ -+ (a4 (n — 1)d)*r"

On subtraction, we get

S(1 —r) = a* + 2adr + d*r + 2adr?® + 3d*r* + 2adr® + 5d*r3 + - -
+ 2adr™ ™t 4 [(n = 1) — (n = 2)2)d%r" ! = (a + (n — 1)d)*r"

_ an—1

1—r
_ 2
= a” + 2adr( T ) (38)
d*r N 2d2r%(1 — rn=2) ~ (@2n— 3)d*rm
1—r (1—r)? (1—r)

—(a+ (n— 1)d)27’”
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2 1— ,rnfl
S = = +2adr(m)
d?r 2d%r%(1 —r"2)  (2n — 3)d*r"
BT N T R F R )
(a+ (n —1)d)*r"
B 1—r '
Puta=d=1, r=2,
12 1—2nt
S = =" 2(1)(1)2(W)
12(2) | 20%)(2)(1-2""?%) (2n-3)1%(2")
(1-2) (1-2)° (1-2)° (40)
(1+ (n—1)1)%(2")
- 1-2

= —3+2"(n* —2n+3)

Therefore summation part in fourth term in required expression by using (38)-(40) be-

comes as:

n—111—1i—1

BPIP BT

i1=3 ig—=2i3—1 (41)
=2""1(n* —4n+6) — (n—2)2"71) 2" —n’ +n+4n—6

= 2"t —1)(n—2)(n-23).

Summation Part in Fifth Term:-

To simplify summation part in fifth term, we require following results based on Knight
and Hall's book [6], as:

Let S = a® + (a+d)*r + (a4 2d)*2 + (a4 3d)*r3 + - + +(a + (n — 1)d)*r" 1.

= rS=d(a+d)>*r?2+ (a+2d)°3 + (a+3d)°r* + -+ (a+ (n — 1)d)*r.
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On substraction, we get

S —rS = a® + 3adr + 3ad*r + d®r + 3a®dr? + 9ad?*r? + T7d*r* 4 3adr® + 15ad*r® + 19d%r®
+ 4 3a2dr™ ™ + (3a(n — 1)% = 3a(n — 2))d*r" 4 (n— 1)° — (n — 2)*)d>r" !
— (a4 (n—1)d)*™m

n

) + 3ad®r(D (2n — 3)r"?)

2

n—1
—1
=a’+ 3a2dr(7r .

+ dgr(zn:(SnQ — 9+ 7)) — (a+ (n — 1)d)*r"
2

(42)
Puta=d=1and r =2.
n—-1_ 1 n
S(1—-2)=1+ 3(12)(1)2(ﬁ) +3(1)(1%)2() _(2n — 3)2"?)
2
+1%20) “(3n% =9+ 7)2"%) — (1 + (n — 1)1)°2"
2
S=-1-6(2""=1)- 6> (2n—3)2"?) (43)
2
—20> (30" = 9n +7)2"?) + 02"
2
n n n
S=-1-62""-1)—3) n?2" 43> n2"' 4+ 2" 4 nl2"
2 2 2
As we have formulae,
Yrn?2nTl = -3 4+ 27(n? — 2n + 3)
and Y 7 n2" =2[1+ (n — 1)27]
Using these formulae, we have
S=-1-62""=1)-3> n®2" 1 4+3> n2" '+ ) 2"+ nd2n m
2 2 2

= 2"(n% — 3(n?) + 9n — 13) 4 13.
Therefore Y7 n32"~1 = 27(n3 — 3(n?) + 9n — 13) + 13.
= > 032" =27 (n3 — 3n? + 9n — 13) + 26.
Therefore summation part in fifth term in required expression by using (42)-(44) be-

comes as:
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n—1141—1ip—143—1

22222i1+212+2i3+2i4

i1=412=213=114=1

o . . ] i3—1 '
=33 Y Hls - 42 420+ Y 2
i1=4 ip=3i3=2 =

— (1/6)(2" — 2)(n — 2)(n — 3)(n — 4)

(45)

Therefore by using (31), (32), (37), (41) and (45), we have coefficient of p({z1} in

YVPIV) as

2143 45+T7+ -+ (2" - 1))
n—1

4 2n2. 1(2 2i1)
i1=1
n—1 14— 1

—|—2n_3 Z Z 211 212
i1=212=1

n—11i1—11i3—1

+ 207730 ST 20 420 )
11=312=213=1
n—114—1i2—143—1

+2n—5.15(z Z Z Zzu 4922 4 9 4 9

i1=412=313=214=1

i1—1 ig—1 ij_2—1

+2n]23 1 _ Z Z Z Z 221 27,2 213_'_

i11=j—112=75—2143=5—3 ij_1=1
+

i1—1 i2—1 in—3—1

L gn—(n=1) (g2 _ Z YOS Y 2hn i)y

i1=n—21i2=n—3i3=n—4 in_o=1

+ 24-1)

.. + 2in72)
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7,1 1 Z2 1 'in—2_1
D S S S S T
i1=n—11i2=n—213=n—3 in—1=1
— 2n71(2n71)2 (46)

+2 2@ ) 5@ = D= =) =4 (0= (= 1)),

7.2 Calculate difference of coefficients of consecutive probabilities i.e. p({z;})
and p({zj;+1}) for given n
We have table of coefficients in >V PI(V) by neglecting denominator term 2"~! and

differences of consecutive columns in round brackets as:

n | p({z1}) | p({=z2}) | p({zs}) p({z4}) p({z5})
1 1

2 | 10 (1) 11

3194(3) |97(6) | 103

41834 (9) |s43(18) |s61(36) | 897

5 | 7126 (27) | 7153 (54) | 7207 (108) | 7315 (216) | 7531

Therefore for n, differences of consecutive columns are
(29(2"7%), (21 (2"7%), (21)(2" %), (2°)(2"7?), - -

Hence for n, difference of (5 — 1) and j™ columns is (20-2)(2"2) = 27+i~4 Now
difference of first and j** columns is sum of differences of consecutive columns viz. first
and second columns, second and third columns, third and fourth columns up to (j — l)th

and j'" columns. Therefore difference of first and j** columns is

(292" + (2D (2" ) + (22" ) + ()@ ) + -+ (7 (2")

= (2" (27— 1) 47)

The coefficient of p({x;}) by neglecting denominator term 2"~ is sum of coefficient of
p({z1}) by neglecting denominator term 2"~! and difference of first and j** columns.

The coefficient of p({z;}) by neglecting denominator term 2"~ is
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2n—1(2n—1)2 + i 2n—r(2r—1 _ 1)
r=2
+7@ T -1

@ =)= B =) (n = (1)

(48)

Finally, the coefficient of p({z;}) by considering denominator term 2"~ is

1/(21171)[27171(27171)2 + i 2n77"<2r71 o 1)
r=2

+ (@) - 1]
(49)
Therefore by using (49), we have

2" —1 n

S =Yy ten )y £ Y et - 1) — 512" = 2)(n—2)(n—3)(n - 4)
V=0 j=1 r=2 (r—2)!

= (= 1)+ (0 1)

(50)
Therefore lower limits and upper limits of arithmetic mean is obtained by using equa-
tions (9), (19), (27) and (50).

8. Illustrative Example
Let X ~ Binomial(n,p). Therefore p(x) = (Z)p%”‘z. Now we connsider n = 4,p =
2/3 and ¢ =1 — p = 1/3. The distribution of X is

X 0 1 2 3 4 Total

p(z) . 1/81 8/81 24/81 32/81 16/81 1
Now by notation

p(v) =p(Ay) v=0,1,2,3,---,2° -1

By indexing of sets, F(z) = P(X <z)=p({0,1,2,3,...,2}) = p(A,) and only in this
case, relation between x and v is v = 271 — 1, 2z =10,1,2,3,4. By lower and upper
limits of probability of sets, Bel(A,) < P(A,) < PI(A,), we get Bel(A,) < F(X) <

r) < Pl(v), x=0,1,2,3,4 andv = 2*+! — 1 Therefore we get lower and upper limits

of distribution function of given probability distribution including the case of subset () as
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Sr. No. x subset of © v Bel(Ay) P(A,) Pl(A,)

1 0 {zo} 1 1/1296 1/81 656/1296

2 1 {xg, 21} 3 18/1296 9/81 1008/1296

3 2 {zo, 21,22} 7 132/1296 33/81  1200/1296

4 3 {zo,z1,22, 23} 15 520/1296 65/81 1280/1296

5 4 {wo,x1, 70,253,274} 31 1296/1206=1 81/81=1 1296/1296=1

Now we will calculate mean of given probability distribution in following table.

P(X) [ XP(X)
1/81 0
8/81 8/81

24/81 | 48/81
32/81 | 96/81
16/81 | 64/81

1| 216/81

Mﬂkwwb—‘ON

Therefore we have mean of given probability distribution /~L/1 = 216/81. Now we
will calculate 2‘2;:_01 VBel(V), Z%/":_Ol VP(V) and Z%/n:_ol VPI(V) from coefficients of
P({z;}),j =0,1,2,3,4. These values are given in following tables.

> P({xo}) | P({z1}) | P({a2}) | P({zs}) | P({z4})
S VIBel(V) 1701 1728 1755 1782 1809
SSVIP(V) 256 264 280 312 376
SSVIPIV) 7126 7153 7207 7315 7531

First Raw Moments based on Probability of set :-

The " ordered raw moment based on probability of set is denoted by u: and is given

25-1
by ,u;/ = > v"p(v). Now we calculate first raw moments based on probability of set
v=0
viz. ;/ll.
25-1
Hy = Z vp(v)
v=0 (51)
= 309.728395.

First Raw Moments based on Belief of set :-
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The r*" ordered raw moment based on belief of set is denoted by H: and is given by
25-1
i = >, v"Bel(v). Now we calculate first raw moments based on belief of set viz. ,ul
ld = Jad
25-1
= Z vBel(v)
v=0
= 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3) + - -+ + (2° — 1) Bel(2° — 1) = 117.645833.
(52)
First Raw Moments based on Plausibility of set :-
The 7" ordered raw moment based on plausibility of set is denoted by ﬁ;/ and is given
by 7L, = 235:_01 v"Pl(v). Now we calculate first raw moments based on plausibility of
set viz. ﬁ/l/.
251

fip = Y vPI(v)
v=0

= 0PI(0) + 1PI(1) + 2P1(2) + 3PI(3) + - - - + (2> — 1) PI(2° — 1) = 456.708333.
(53)

Lower and Upper limits of First Raw Moment i.e. Arithmetic Mean :-
By using (9) and (51)-(53), we calculate lower and upper limits of first raw moment,

" "
E ’ I ,U,l ’
=iy < gy < =y

Ky Hq
1.012895 < 2.6667 < 3.932119

(54)

’

1, < py < Ty

8. Future Scope

Using same approach, we can obtain lower and upper limits of several statistical quanti-
ties such as k*" ordered raw and central moments, coefficients of skewness and kurtosis
based on central moments for probability distributions of one variable. Same approach

can be extended to multivariate probability distributions.

9. Conclusion
Instead of having single value of statistical quantity, it is always better to have an interval
in which this required single value is included. In this way we include uncertainty

regarding a single value of statistical quantity. While obtaining lower and upper limits
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of distribution function and mean of probability distribution, we have taken care of
getting more suitable limits. The lower and upper limits obtained by this approach are
too wide but definitely contains all possibilities (i.e. all cases of uncertianty). This is
one of the approach to find lower and upper limits of statistical quantities. We hope

that this approach may be very useful in further research.
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